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Qubit

|0⟩, |1⟩

3.2.2 Qubit ossia vettori

Abbiamo visto nello studio sul Mach-Zender che la polarizzazione è espressa
mediante dei vettori e che l’azione sui fotoni viene rappresentata mediante
delle matrici.
La teoria impone di avere vettori unitari per rappresentare uno stato a valori
nello spazio vettoriale complesso C. Dunque possiamo associare ai due stati
della base computazionale i seguenti vettori ortonormali9:

|0i ⌘

1
0

�
|1i ⌘


0
1

�
(3.2)

Verifichiamo che sono ortonormali.

Ortogonali Possiamo introdurre un prodotto scalare tra due vettori com-
plessi:

|�i · | i = h�| i =
1X

i=0

�⇤
i i

dove �⇤
i è il complesso coniugato di �i. In rappresentazione matriciale

|�i · | i = h�| i = [�⇤
0,�

⇤
1]


 0
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�
= �⇤

0 0 + �⇤
1 1

Il caso in esame è più semplice in quanto i coefficienti sono reali10 :

|0i · |1i = h0|1i = [1, 0]


0
1

�
= 0

Per la commutatività del prodotto scalare in R11 vale anche

|1i · |0i = 0

Dunque i due vettori sono ortogonali.

Modulo unitario Dato un vettore
!
� il suo modulo, la sua norma, per de-

finizione è la radice quadrata del prodotto scalare del vettore con se
stesso. Risulta dunque immediato verificare che |0i e |1i hanno norma
unitaria (Esercizio).

9
Modulo unitario e ortogonali

10
Da questo punto di vista gli studenti conoscono già la procedura per ottenere il pro-

dotto scalare. A lezione si potrebbe evitare tutto il formalismo complesso e passare

direttamente al caso che conoscono.
11

In C le cose sono decisamente diverse. Dovrei verificare entrambe le condizioni.
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Postulati prodotto scalare: 
1.  
2.  
3.

⟨ψ |ϕ⟩ = ⟨ϕ |ψ⟩*
⟨ψ |aϕ + bχ⟩ = a⟨ψ |ϕ⟩ + b⟨ψ | χ⟩
⟨ψ |ψ⟩ ≥ 0

Dunque un qualsiasi qubit è un sistema quantistico a due livelli e si scrive
come combinazione lineare complessa dei due vettori appena introdotti e che
corrispondono ai valori 0 e 1 di un bit classico:

| i = ↵


1
0

�
+ �


0
1

�
=


↵
�

�
↵, � 2 C, |↵|2 + |�|2 = 1 (3.3)

Interpretiamo il formalismo appena introdotto.
Ogni qubit può essere rappresentato mediante gli elementi di una opportu-
na base ortonormale che abbiamo scelto essere B = {|0i , |1i}. Tale scelta
è totalmente arbitraria come vedremo. I coefficienti dell’equazione 3.3 si
interpretano nel seguente modo12 :

|↵|2 = | h0| i |2 = P0 |�|2 = | h1| i |2 = P1

dove P0 e P1 sono rispettivamente le probabilità che l’esito di una misura
faccia collassare il qubit | i nel qubit |0i e |1i13 (valori ±1 della misura) .

Possiamo rileggere quanto visto considerando la polarizzazione di un foto-
ne.
Indichiamo con

|Hi |V i
lo stato di un fotone polarizzato rispettivamente orizzontalmente e vertical-
mente. Un fotone polarizzato H non supererà mai un test di polarizzazione
verticale (sarà assorbito da un filtro polarizzato V ) e analogamente uno po-
larizzato V non supererà mai un test orizzontale . I due stati dunque sono
mutuamente ortogonali e posso supporli di modulo unitario: formano dunque
una base ortonormale che rappresentiamo in fig. 3.1
Possiamo anche in questo caso darne una rappresentazione matriciale in modo
necessario:

|Hi =


1
0

�
|V i =


0
1

�
(3.4)

E un generico stato di polarizzazione di un fotone è espresso dalla relazione

| i = ↵ |Hi + � |V i
12

Per la verifica si veda il paragrafo successivo sulla misura.
13

In effetti

| h0| i |2 = | h0|↵ |0i + � |1ii |2 = ... = |↵|2

e, allo stesso modo,

| h1| i |2 = | h1|↵ |0i + � |1ii |2 = ... = |�|2
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 sono rispettivamente la probabilità di far 
collassare lo stato  in   e in  (valori   
della misura).

P0, P1

|ψ⟩ |0⟩ |1⟩ ±1

(o)

Base

|ψ⟩ = α |0⟩ + β |1⟩
|α |2 + |β |2 = 1

α, β ∈ C
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Strumenti utili



Strumenti utili

Identità:


a11 a12
a21 a22

� 
0
1

�
=


0
1

�
(3.13)

Le condizioni sopra imposte portano immediatamente ad ottenere:

I =

1 0
0 1

�
(3.14)

Riscrivendo in notazione vettoriale17, otteniamo

I |0i = |0i I |1i = |1i

e per linearità in generale otteniamo

I | i = I(↵ |0i + � |1i) = ↵I |0i + �I |1i = ↵ |0i + � |1i = | i (3.15)

NOT Anche nel caso della porta logica classica NOT esiste un corrispettivo
quantistico: quantum NOT gate. In modo analogo a quanto fatto so-
pra, costruiremo la matrice associata a tale porta logica ponendo delle
condizioni sugli elementi della base computazionale. Naturalmente tali
condizioni sono espresse dalla necessità che tale porta agisca su ciascun
qubit della base mandandolo nell’altro:


a11 a12
a21 a22

� 
1
0

�
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0
1

�
(3.16)


a11 a12
a21 a22

� 
0
1

�
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1
0

�
(3.17)

Anche in questo caso è immediato verificare che la matrice corrispon-
dente risulta essere

X =


0 1
1 0

�
(3.18)

Per linearità si dimostra immediatamente che

X

↵
�

�
=


�
↵

�
(3.19)

Ragionando in termini di polarizzazione, tale porta logica trasforma
un fotone polarizzato H in uno polarizzato V e viceversa. Possiamo
ottenere questo con una lamina a mezza lunghezza d’onda (� = 45�).

17
È importante che si sappia passare da una notazione all’altra con una certa

disinvoltura.

44

I = |ψ⟩ ⟼ |ψ⟩
|0⟩ |0⟩

|1⟩ |1⟩
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|0⟩ |1⟩

|1⟩ |0⟩
α |0⟩ + β |1⟩ ⟼ α |1⟩ + β |0⟩

Hadamard
H
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Svolgendo i calcoli si trova immediatamente che

H =
1p
2


1 1
1 �1

�
(3.22)

Ragionando in termini di polarizzazione, tale porta logica trasforma un
fotone polarizzato H in uno polarizzato |45�i e uno polarizzato V in
uno polarizzato |�45�i. Possiamo ottenere questo con una lamina a
mezza lunghezza d’onda (� = ±22.5�).

Da un punto di vista circuitale utilizziamo la seguente rappresenta-
zione:

Figura 3.6: Rappresentazione circuitale della HADAMARD gate

PHASE FLIP Esiste inoltre un’altra matrice che lascia invariato il qubit
|0i e cambia il segno a |1i ossia

Z =


1 0
0 �1

�

che dunque agisce cambiando in questo modo:

|0i 7�! |0i

|1i 7�! � |1i

Questo cambio di segno davanti al qubit |1i come vedremo non ha alcu-
na rilevanza dal punto di vista della misura e quindi dal punto di vista
delle probabilità di un eventuale superamento di un test successivo, ma
permetterà di giocare con l’interferenza e ottenere risultati importanti
per la realizzazione dei circuiti quantistici.
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| + ⟩ ⟼ | − ⟩

| − ⟩ ⟼ | + ⟩

Z
Z

|0⟩ |0⟩

|1⟩ − |1⟩
α |0⟩ ± β |1⟩ ⟼ α |0⟩ ∓ β |1⟩

La funzione f , a seconda del modo con cui agisce, determina quattro diverse
matrici che corrispondono agli operatori lineari che agiscono sui due livelli
dell’algoritmo.

• se f(x) = x, ossia se f è l’identità I (f(0) = 0 e f(1) = 1) allora
l’operatore UI agisce nel seguente modo

UI : |x, yi 7�! |x, y � f(x)i = |x, y � xi

L’operatore UI dunque modifica il secondo qubit solo se il primo è 1,
ossia è una CNOT � gate. Con semplici calcoli7 si può ottenere la
matrice associata

UI =

2

664

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

3

775

• se f(x) = x, ossia se f è la negazione (f(0) = 1 e f(1) = 0), allora
l’operatore UX agisce nel seguente modo

UX : |x, yi 7�! |x, y � f(x)i = |x, y � (x � 1)i

L’operatore UX dunque modifica il secondo qubit solo se il primo è zero,
ossia è una Z � CNOT � gate. La matrice associata risulta

UX =

2

664

0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

3

775

• se f(x) = 0, ossia se f è sempre vera, allora l’operatore UT (T=true)
agisce nel seguente modo

UT : |x, yi 7�! |x, y � f(x)i = |x, y � 0i = |x, yi

L’operatore UT dunque non modifica il secondo qubit indipendente-
mente dal valore del primo. La matrice associata risulta

UT =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3

775

7
La matrice si può immediatamente costruire pensando che deve scambiare tra loro il

terzo e il quarto vettore della base computazionale. Per far questo basta invertire la terza

e la quarta riga della matrice identica. Analogamente per le altre matrici necessarie ad

implementare l’algoritmo.
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CNOT

|00⟩ |00⟩

|01⟩ |01⟩
|10⟩ |11⟩

|11⟩ |10⟩

|x⟩ |y⟩ ⟼ |x⟩ |x ⊕ y⟩CNOT:
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Ragionando in termini di polarizzazione, tale porta logica trasforma
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È importante che si sappia passare da una notazione all’altra con una certa
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H

Da un punto di vista circuitale utilizziamo la seguente rappresentazio-
ne:

Figura 3.5: Rappresentazione circuitale della quantum NOT gate

OSSERVAZIONE 3.1. In logica classica non ci sono altre porte logiche
che agiscono su un singolo bit. Ma la fisica quantistica ha in più il
principio di sovrapposizione e in qualche modo dobbiamo tenerne conto.
Dunque esisteranno altre porte logiche a un singolo qubit18.

PORTA DI HADAMARD Come abbiamo visto la profonda differenza
tra la meccanica classica e quella quantistica è incarnata nel principio
di sovrapposizione. Questo significa che, non solo avremo i due qubit
della base computazionale |0i e |1i, ma anche tutte le infinite combi-
nazioni lineari complesse ↵ |0i + � |1i. Un caso particolare che tornerà
estremamente utile e di cui abbiamo già parlato introducendo le basi
non computazionali, è quello in cui i due stati della sovrapposizione
sono equiprobabili:

|+i = 1p
2
(|0i + |1i)

|�i = 1p
2
(|0i � |1i)

Vogliamo trovare una porta logica, una matrice, in modo tale che

|0i 7�! |+i

|1i 7�! |�i
Questa matrice rappresenta l’interferenza quantistica di cui abbiamo
già parlato e che risulterà fondamentale per la realizzazione degli algo-
ritmi quantistici.
Formalmente abbiamo bisogno che
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1
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(3.20)

18
In realtà ogni matrice unitaria 2x2 specifica una porta logica quantistica valida.

Noi introdurremo per il momento quelle che ci serviranno per lo sviluppo della nostra

trattazione.
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Le condizioni sopra imposte portano immediatamente ad ottenere:

I =

1 0
0 1

�
(3.14)

Riscrivendo in notazione vettoriale17, otteniamo

I |0i = |0i I |1i = |1i

e per linearità in generale otteniamo

I | i = I(↵ |0i + � |1i) = ↵I |0i + �I |1i = ↵ |0i + � |1i = | i (3.15)

NOT Anche nel caso della porta logica classica NOT esiste un corrispettivo
quantistico: quantum NOT gate. In modo analogo a quanto fatto so-
pra, costruiremo la matrice associata a tale porta logica ponendo delle
condizioni sugli elementi della base computazionale. Naturalmente tali
condizioni sono espresse dalla necessità che tale porta agisca su ciascun
qubit della base mandandolo nell’altro:
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(3.17)

Anche in questo caso è immediato verificare che la matrice corrispon-
dente risulta essere

X =


0 1
1 0

�
(3.18)

Per linearità si dimostra immediatamente che

X

↵
�

�
=


�
↵

�
(3.19)

Ragionando in termini di polarizzazione, tale porta logica trasforma
un fotone polarizzato H in uno polarizzato V e viceversa. Possiamo
ottenere questo con una lamina a mezza lunghezza d’onda (� = 45�).

17
È importante che si sappia passare da una notazione all’altra con una certa

disinvoltura.
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Da un punto di vista circuitale utilizziamo la seguente rappresentazio-
ne:

Figura 3.5: Rappresentazione circuitale della quantum NOT gate

OSSERVAZIONE 3.1. In logica classica non ci sono altre porte logiche
che agiscono su un singolo bit. Ma la fisica quantistica ha in più il
principio di sovrapposizione e in qualche modo dobbiamo tenerne conto.
Dunque esisteranno altre porte logiche a un singolo qubit18.

PORTA DI HADAMARD Come abbiamo visto la profonda differenza
tra la meccanica classica e quella quantistica è incarnata nel principio
di sovrapposizione. Questo significa che, non solo avremo i due qubit
della base computazionale |0i e |1i, ma anche tutte le infinite combi-
nazioni lineari complesse ↵ |0i + � |1i. Un caso particolare che tornerà
estremamente utile e di cui abbiamo già parlato introducendo le basi
non computazionali, è quello in cui i due stati della sovrapposizione
sono equiprobabili:

|+i = 1p
2
(|0i + |1i)

|�i = 1p
2
(|0i � |1i)

Vogliamo trovare una porta logica, una matrice, in modo tale che

|0i 7�! |+i

|1i 7�! |�i
Questa matrice rappresenta l’interferenza quantistica di cui abbiamo
già parlato e che risulterà fondamentale per la realizzazione degli algo-
ritmi quantistici.
Formalmente abbiamo bisogno che


a11 a12
a21 a22

� 
1
0

�
=

1p
2


1
1

�
(3.20)

18
In realtà ogni matrice unitaria 2x2 specifica una porta logica quantistica valida.

Noi introdurremo per il momento quelle che ci serviranno per lo sviluppo della nostra

trattazione.

45

X

|⟨0 |ψ⟩ |2 = 0.5

|⟨1 |ψ⟩ |2 = 0.5

�x,p(s) :=

(
1 se s 2 E

0 altrimenti

1p
2


1
�1

�

P0 = | h0| i |2 =
����[1, 0]

1p
2


1
�1

�����
2

= 0.5

1

�x,p(s) :=

(
1 se s 2 E

0 altrimenti

1p
2


1
�1

�

P0 = | h0| i |2 =
����[1, 0]

1p
2


1
�1

�����
2

= 0.5

P1 = | h1| i |2 =
����[0, 1]

1p
2


1
�1

�����
2

= 0.5

1

Autovalore Autostato

COLLASSO

0

1

Bits

Strumenti utili



Si tratta di capire come eseguire l’operazione tra le due matrici colonna.
L’idea è semplice:
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Analogamente per gli altri tre casi.
In generale dunque nel caso di due qubit:
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In modo del tutto simile possiamo estendere questa nuova operazione anche
al caso di matrici e quindi ad esempio se considerassimo due qubit e sul primo
agisse la porta logica NOT e sul secondo la porta di Hadamard H otterremo
una matrice 4 ⇥ 4 ponendo:

X⌦ H =


0 1
1 0

�
⌦ 1p

2


1 1
1 �1

�
=

2

66664

0 · 1p
2


1 1
1 �1

�
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1 1
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�

1 · 1p
2


1 1
1 �1

�
0 · 1p

2


1 1
1 �1

�

3

77775

Esercizi Preparare qualche esercizio con porte logiche per i calcoli.

3.3.2 Porte logiche a due qubit
Nell’introduzione alle porte logiche a singolo qubit abbiamo dato in fondo
per scontato che le porte logiche classiche potessero avere un qualche corri-
spettivo quantistico. Al piuù ci sarebbero state delle ulteriori porte logiche.
In effetti questa pretesa estensione della logica classica al caso quantistico
risponde in fondo all’idea che la fisica classica sia, in ultima analisi, un caso
particolare di fisica quantistica. Dunque è ragionevole pensare che gli opera-
tori logici classici trovino un corrispettivo quantistico. Questo è di semplice
comprensione nel caso a singolo qubit anche perché tutte le porte logiche clas-
siche a singolo bit sono invertibili così come tutti gli operatori che agiscono su
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In generale il prodotto tensore tra due qubit 
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Analogamente tra due operatori . 
Per esempio:

A ⊗ B
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Esempi ed esercizi: correzione

1)

Exercises

X

=
X

X

(iii)

X
=

X

(iv)

Z

=
Z

Z

(v)

Z
=

Z

(vi)

= swap

Example 4.4: The circuit below is known as the ‘SWAP test’.

|0Í H H

|ÂÍ

swap
|„Í

The swap gate does exactly what you would expect it to – swap the two qubits.

swap · |ÂÍ |„Í = |„Í |ÂÍ .

With what probability does the measurement return 0?

Example 4.5:

|ÂÍ

|0Í U

13

3) Che cosa fa il seguente circuito? 
Di quale porta logica classica è il corrispettivo? 
Senza svolgere calcoli, come sarà la sua matrice?
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Creating Entanglement

4.2.2 Beyond Controlled-NOT

Needless to say, it is not all about the controlled-not gates. Another common two-qubit
gate is the controlled phase shift gate cPÏ defined as

cPÏ =

S

WWWWU

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiÏ

T

XXXXV
(4.8)

Again, the matrix is written in the computational basis {|00Í , |01Í , |10Í , |11Í} and the
diagram on the right shows the structure of the gate.

Controlled-Z
If we do not specify the phase in the controlled-phase gate, we usually assume
that Ï = fi, in which case we call this operation the controlled-Z gate,

c-z =

S

WWWWU

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ≠1

T

XXXXV
= |0ÍÈ0| ¢ + |1ÍÈ1| ¢ Z

|xÍ

(≠1)xy
|xÍ |yÍ

|yÍ

Since we already know that HZH = X and H2 = , we can see the following circuit
identity

=
H H

via the calculation

( ¢ H)(|0ÍÈ0| ¢ + |1ÍÈ1| ¢ X)( ¢ H) = |0ÍÈ0| ¢ + |1ÍÈ1| ¢ Z.

Hence, controlled-Z is equivalent to controlled-not up to single-qubit unitaries (which
cannot a�ect entanglement), so the two must have the same entangling power.

More generally, these various 2-qubit controlled gates are all of the form controlled-U ,
for some single-qubit unitary transformation U ,

|0ÍÈ0| ¢ + |1ÍÈ1| ¢ U.

It is graphically represented as

U
, for example,

X Z

which is an alternative way of representing the controlled-X (controlled-not) and controlled-
Z gates respectively.

We can go further and consider a more general unitary operation, namely, an x-

7

2)
. .

|x⟩ |y⟩ ⟼ |x⟩ |x ⊕ y⟩

C-Z gate
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is kept while the target now holds the logical XOR of
control and target so that

CNOT |x〉|y〉 = |x〉|x ⊕ y〉. (6)

From all the equivalent gates that are essential for
quantum computation, the CNOT gate is probably the
most well known and it is almost universally used as
a fundamental building block of quantum applications.
The CNOT gate, when combined with single qubit gates,
can provide any desired quantum operation7.
Figure 4 shows the usual pictorial representation of the

CZ and CNOT gates, along with the description of their
effect on a generic pair of qubits that need not to be
separable.
It is sometimes useful to introduce an additional repre-

sentation of the controlled operations. Truth tables like
those employed to illustrate the concepts of classical logic
can also be given for quantum gates. Table II presents
the truth tables for the CZ and CNOT gates.

CZ gate CNOT gate

IN OUT IN OUT

|00〉 → |00〉 |00〉 → |00〉

|01〉 → |01〉 |01〉 → |01〉

|10〉 → |10〉 |10〉 → |11〉

|11〉 → −|11〉 |11〉 → |10〉

TABLE II: Truth tables for the CZ and CNOT gates.

Superpositions of input states lead to a superposition
of the corresponding output states conserving the asso-
ciated probability amplitudes.

C. Classically controlled gates

In some cases, classical and quantum information need
to be combined. We can define controlled operations in
which the control is a classical bit. We will denote a
classically controlled U gate as cU . The small c indicates
the control is classical instead of quantum.

1. cZ gate

The cZ gate will produce a sign shift when the control
bit is 1 and the state of the qubit is |1〉. For a control
bit a, a state |x〉 from the computational basis becomes
(−1)a·x|x〉 and

cZ(α|0〉+ β|1〉) = α|0〉+ (−1)aβ|1〉. (7)

2. cX gate

The cX gate acts in a similar way, but producing a
NOT operation instead of a sign shift. For a control bit

b, a state |x〉 from the computational basis becomes |x⊕b〉
and

cX(α|0〉+ β|1〉) = α|0⊕ b〉+ β|1 ⊕ b〉. (8)

Figure 5 portrays the most extended notation for clas-
sical controlled gates. Classical information is transmit-
ted through classical wires, represented by double lines,
while the quantum part is represented as usual. Control
is indicated, as in quantum controlled gates, by a dot on
the control bit. The dot is connected by double, classical,
lines to the controlled gate.

FIG. 5: Operation of selected classically controlled gates and
their circuit representations.

IV. TRANSFORMATION RULES

Quantum algorithms and protocols are usually ex-
pressed in terms of the quantum circuits that implement
them. Quantum circuits are formed by a series of ele-
mentary gates that produce the final unitary operation.
The sequence of elementary gates is not unique and can
be chosen from a number of equivalent circuits.
In this section, we give some basic equivalences that

can help us to find simpler physical implementations for a
particular application or to design operations when there
are particular constraints, usually physically motivated.
Additionally, these gate equivalences permit to study the
connections between a variety of applications that, on
first sight, seem different, but are intimately connected.
The equivalences will be presented as a series of gen-

eral rules, followed by the description of some useful
cases. The circuits will be mostly composed of H, CZ and
CNOT gates and measurements. The point of view will
be clearly circuital, with a stress on the usual schematic
representation of the gates and circuits.

Rule I: Null gates.

Some gates, under certain conditions, have no effect on
the qubits they are applied to. Gates that are grouped with
their inverses, have a null control or act on the opera-
tions’ eigenstates with eigenvalue 1, belong to this class.

One group of equivalences is the set of the various ways
of writing the identity operation. Some gate combina-

In generaleX, Y, Z
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tions, or certain gates under particular conditions, are
equivalent to the no operation and can be removed from
the quantum circuit without a change of the global op-
eration, as long as the conditions are kept.
Every unitary operation has an inverse. Quantum

gates occasionally appear followed by their inverses. A
gate U immediately followed by its inverse U † = U−1

has no net effect on the input state. Usually, when dif-
ferent functional blocks are chained, these cancellations
arise. Separating the elementary operations is essential
in the analysis of equivalent circuits. We can add gates
that cancel each other to better identify the constitutive
blocks of the circuit or use the equivalences to simplify
circuits in order to save scarce resources in a physical
implementation of a particular operation.
Figure 6 shows three kinds of null operation that do

not affect the state of the system. The first identity is
based on the fact that H, X and Z gates are their own
inverses. If any of them is repeated two times in a row,
the first one is cancelled by the second. The same can be
said of CNOT, CZ and CH gates.

FIG. 6: Null operations.

There is also a CNOT null operation. The |+〉 and
|−〉 states are the eigenstates for the X operation, with
eigenvalues 1 and -1. As a consequence, the |+〉 state is
not affected by an X gate and, as control qubits do not
change, a CNOT with a target |+〉 state has no effect.
Finally, controlled gates with a control qubit |0〉 can

also be ignored. In that case, they are not active and are
equivalent to the identity operation.

Rule II: Control reversal.

In controlled gates, the roles of control and target qubits
can sometimes be exchanged. In particular, CNOT gates
can be reversed with the help of H gates.

On some occasions, the control and target roles are not
clear in a controlled gate. Controlled Z gates, CZ, are
symmetrical. They induce a sign shift for states where
both qubits are |1〉 and any qubit can be rightfully said to
be the control (Figure 7). In many cases, it can be more
illustrative to use an equivalent circuit where control and
target roles are exchanged.

FIG. 7: Control reversal operation for a CZ gate.

The CNOT, or CX, operation can be described in
terms of a CZ gate. The X gate can be decomposed
as a sequence of three single qubit gates, two Hadamard
gates and a Z gate, so that X = HZH and CNOT =
(I ⊗H)CZ(I ⊗H) (Figure 8). When the control is |0〉,
the two Hadamard gates cancel each other and, when it
is |1〉, the combination of gates acts as a NOT.

FIG. 8: CNOT with a CZ gate and two H gates.

Figure 9 shows how this decomposition of the CNOT
gate, together with the control reversal property of the
CZ gate, can be used to find equivalent circuits. The
control of a CNOT gate can be transferred to the former
target when surrounded by the appropriate combination
of H gates.
The starting point is a CZ gate cornered by four

Hadamard operations. Grouping the gates in the differ-
ent qubits, it is easy to see that, in a CNOT with a control
sandwiched between two H gates, control and target are
interchangeable terms. For the reversal, we consider the
gate (H ⊗ I)CNOT (H ⊗ I) = (H ⊗ I)(I ⊗ H)CZ(I ⊗
H)(H ⊗ I). The CZ gate can be reversed and grouped
with the upper Hadamard gates to give the lower qubit
controlled CNOT.

FIG. 9: CNOT and H gates reversal.

Corollary II.A:

CNOT gate with four H gates, one before and one after
the control and one before and one after the target, is
equivalent to a CNOT operation where control and target
are exchanged.

FIG. 10: CNOT reversal.

For the proof we only need to add an H gate before and
after the target qubit line of the last CNOT circuits of
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target roles are exchanged.

FIG. 7: Control reversal operation for a CZ gate.

The CNOT, or CX, operation can be described in
terms of a CZ gate. The X gate can be decomposed
as a sequence of three single qubit gates, two Hadamard
gates and a Z gate, so that X = HZH and CNOT =
(I ⊗H)CZ(I ⊗H) (Figure 8). When the control is |0〉,
the two Hadamard gates cancel each other and, when it
is |1〉, the combination of gates acts as a NOT.

FIG. 8: CNOT with a CZ gate and two H gates.

Figure 9 shows how this decomposition of the CNOT
gate, together with the control reversal property of the
CZ gate, can be used to find equivalent circuits. The
control of a CNOT gate can be transferred to the former
target when surrounded by the appropriate combination
of H gates.
The starting point is a CZ gate cornered by four

Hadamard operations. Grouping the gates in the differ-
ent qubits, it is easy to see that, in a CNOT with a control
sandwiched between two H gates, control and target are
interchangeable terms. For the reversal, we consider the
gate (H ⊗ I)CNOT (H ⊗ I) = (H ⊗ I)(I ⊗ H)CZ(I ⊗
H)(H ⊗ I). The CZ gate can be reversed and grouped
with the upper Hadamard gates to give the lower qubit
controlled CNOT.

FIG. 9: CNOT and H gates reversal.

Corollary II.A:

CNOT gate with four H gates, one before and one after
the control and one before and one after the target, is
equivalent to a CNOT operation where control and target
are exchanged.

FIG. 10: CNOT reversal.

For the proof we only need to add an H gate before and
after the target qubit line of the last CNOT circuits of

Dimostrare l’equivalenza dei seguenti circuiti

7

is Uai⊕bi |ψi〉. If we take the XOR of the measured values
as the control, the output will be indistinguishable from
the case with a CNOT gate (multiple measurements of
the same inputs will have the same statistics).
Although this equivalence works particularly well for

the CNOT/XOR conversion, the property cannot be ex-
tended to all the quantum controlled gates. Such a sub-
stitution can only take place whenever there is a classi-
cal gate that reproduces the probabilities for the output
state.
The principle of deferred measurement and this

quantum-classical gate substitution can simplify many
circuits, especially when there are ancillary qubits. With-
out loss of generality, we can suppose that after the last
operation in which a qubit is involved, it is measured.
This way, it is possible to convert some of the operations
into simpler classical or classically controlled gates.

Rule V: Distributed CNOT.

A CNOT operation between two qubits can be imple-
mented with four CNOT operations with an intermediate
qubit so that there is no direct interaction between the
original qubits.

With this rule, we can redistribute the quantum gates
along the different parts of a circuit. The starting point
will be the distributed CNOT gate of Figure 14.

FIG. 14: Distributed CNOT operation with the intervention
of an ancillary qubit.

The equivalence can be proved from the properties of
the XOR function for a particular input and then be gen-
eralized to superpositions4. For three states |C〉|A〉|T 〉 of
the control, ancillary and target qubit, respectively, the
CNOT operation can be expressed as

|C〉|A〉|T 〉 −→ |C〉|A〉|C ⊕ T 〉. (9)

For any logical value, B, B ⊕ B = 0. We can readily
check that the circuits of Figure 14 recover the final state
of Equation (9). For the middle circuit,

|C〉|A〉|T 〉 −→ |C〉|A⊕C〉|T 〉 −→ |C〉|A⊕C〉|A⊕C ⊕T 〉

−→ |C〉|A〉|A ⊕ C ⊕ T 〉 −→ |C〉|A〉|C ⊕ T 〉. (10)

The second CNOT gate between each pair of lines is there
to erase residual correlations. Similarly, for the circuit of
the right,

|C〉|A〉|T 〉 −→ |C〉|A〉|A ⊕ T 〉 −→ |C〉|A ⊕ C〉|A⊕ T 〉

−→ |C〉|A⊕ C〉|C ⊕ T 〉 −→ |C〉|A〉|C ⊕ T 〉. (11)

The new circuit can be useful to implement CNOT
gates between distant qubits in cases where only nearest
neighbour interactions are possible. With this decom-
position of the CNOT gate, we can prove the two next
properties related to different ways of arranging CNOT
gates.

Rule VI: CNOT mirror.

The order of two chained CNOT gates such that the
target qubit of the first is the control of the second can be
commuted adding a new CNOT gate from the control of
the first CNOT to the target of the second.

The CNOT mirror operation gives a way to commute
CNOT gates acting on different qubits when the control
of one of the gates is immediately before or after the tar-
get of the other (Figure 15). The gates can be reflected
with respect to a new CNOT gate that has as its control
the first gate’s control and targets the target of the sec-
ond. This new CNOT gate commutes with the other two
and the reflection can happen on both sides.

FIG. 15: Mirror over a CNOT gate.

To prove mirroring over a CNOT gate, we will use
Rules I and V. We can add two CNOT gates before the
original gates and then simplify the circuit that arises
from the equivalent distributed CNOT of one of the new
gates (Figure 16).

FIG. 16: Proof of the CNOT mirror.

Controls commute and so do X gates, so there are many
different ways to write the equivalence (see Figure 17).
In all of them, we can see how the original CNOT gates
are “reflected” from the longer CNOT and change their
order.
These equivalences can be proved with constructions

similar to the ones from Figure 16, applying the dis-
tributed CNOT decomposition.

Rule VII: Parallel to Λ CNOT.

Two CNOT gates with a common control qubit and two

Esempi ed esercizi: correzione



Algoritmi quantistici

Abbiamo visto che gli elementi fondamentali del computer classici sono 
funzioni booleane del tipo

f : {0,1}n ⟶ {0,1}

Un computer può implementare ogni funzione assemblando queste funzioni booleane

Domanda: possiamo implementare questo tipo di funzioni su un computer 
                 quantistico?



Algoritmi quantistici

Risposta: in realtà conosciamo già la risposta! Gli operatori quantistici sono  
                invertibili. Allora si tratta di aggiungere bit (qubit) ausiliari (ancilla).

|x0x1 . . . xn−1⟩ |y⟩ ⟼ |x0x1 . . . xn−1⟩ |y ⊕ f(x0x1 . . . xn−1)⟩ = |x0x1 . . . xn−1⟩ |y ⊕ f(x)⟩

.

.

.
|xn−1⟩

|x1⟩
|x0⟩

|y⟩

{Target

Ancilla

Uf
.
.
.

|xn−1⟩

|x1⟩
|x0⟩

|y ⊕ f(x)⟩
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Nel caso particolare in cui , l’insieme delle funzioni booleane è rappresentato 
nella seguente tabella in cui possiamo individuare alcune delle tavole di verità note:

n = 2

Si potrebbe dimostrare (Esercizio) che per ottenere tutte le funzioni si possono 
utilizzare le porte logiche:134 Principles of Quantum Computation and Information 
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-e-s- -e- •e-
Fig. 3.17 Quantum circuits implementing the two-bit binary functions. In each cir-
cuit the three lines represent (from top to bottom) the more significant qubit, the less 
significant one and the ancillary, which is input in the state |0). From left to right: 
/ l = x\ A xo, fi = x\ A i o , li = x\ A xo, / s = Xl A XQ (top); fs = x\ ffl XQ, fz = x i , 
/5 = xo, and /o = 0 (bottom). 

Each minterm is implemented in a quantum computer by a generalized 
Cn-NOT gate. We remark that for a generic function with no structure, 
the number m of minterms grows exponentially with n and there is no way 
to evaluate / efficiently (i.e., with a number of elementary gates polynomial 
in n). 

We now give an example of function evaluation, for the binary func-
tion f(x2,Xi,x0) denned by the truth table of Table 3.2. There are three 
minterms, for x^ = (0,0,1), x(2) = (1,0,0) and a;(3) = (1,0,1). The cor-
responding quantum circuit implementing the evaluation of the function / 
is shown in Fig. 3.18. In this circuit, each generalized C3-NOT gate corre-
sponds to a minterm. Since the minterms x^ and a;(3) differ only in the 
value Xo of the third bit, it is possible to simplify the circuit of Fig. 3.18, 
with a generalized C2-NOT gate (controlled by X2, x\) instead of two gen-
eralized C3-NOT gates (controlled by a;2, xy, x0). This reflects the logic 
identity Xo + XQ = 1. We point out that the design of optimized circuits 
is a basic problem of computation: simplification rules of quantum logic 
circuits are given in Lee et al. (1999). 
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Cn-NOT gate. We remark that for a generic function with no structure, 
the number m of minterms grows exponentially with n and there is no way 
to evaluate / efficiently (i.e., with a number of elementary gates polynomial 
in n). 

We now give an example of function evaluation, for the binary func-
tion f(x2,Xi,x0) denned by the truth table of Table 3.2. There are three 
minterms, for x^ = (0,0,1), x(2) = (1,0,0) and a;(3) = (1,0,1). The cor-
responding quantum circuit implementing the evaluation of the function / 
is shown in Fig. 3.18. In this circuit, each generalized C3-NOT gate corre-
sponds to a minterm. Since the minterms x^ and a;(3) differ only in the 
value Xo of the third bit, it is possible to simplify the circuit of Fig. 3.18, 
with a generalized C2-NOT gate (controlled by X2, x\) instead of two gen-
eralized C3-NOT gates (controlled by a;2, xy, x0). This reflects the logic 
identity Xo + XQ = 1. We point out that the design of optimized circuits 
is a basic problem of computation: simplification rules of quantum logic 
circuits are given in Lee et al. (1999). 
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use of the ancillary qubit \y) and is given by 

Uf\xn-i,xn-2,... ,x0)\y) 
= \Xn-l,Xn-2,---,Xo)\y@f{Xn-l,Xn-2,...,X0)), (3.89) 

in which, for a given output, there is a unique input. 

Exercise 3.17 Show that the transformation (3.89) is unitary. 

The explicit construction of the binary functions of Table 3.1 is given 
by the quantum circuits of Fig. 3.17. We show only 8 functions, since 
fib-i = fi, where the bar indicates NOT. Therefore, /i5_j can be obtained 
from fi simply by application of a NOT (ax) gate to the ancillary qubit. 
We note that the function f6 = x\ © XQ could be implemented reversibly 
by means of a CNOT gate, with no need of any ancillary qubit. The same 
holds for fz = x\ and / 5 = XQ, which simply correspond to the input value 
of one of the bits, while /o = 0 is a fully degenerate constant function. 

XlXo 

0 0 
0 1 
1 0 
1 1 

Table 3.1 Two-bit logic functions. 

fa / i fa fa fa fa fa h fa fa / io / n /12 / i3 / i4 / i s 

0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

Now let us consider a binary function with a generic number n of input 
bits. As we saw in Chap. 1, one way of expressing a binary function f(x) 
(x — (xn-i,xn-2, • • • ,x\,xo)) is to consider its minterms, defined, for each 
x^ such that / ( Z ( Q ) ) = 1, as 

fia)(x) 
ri if 
\ 0 o1 

x = x^ 
otherwise. 

Then the function f(x) is written 

f{x) = fW(x)Vf{2)(x)V---VfW(x), 

(3.90) 

(3.91) 

where / is the logic V (OR) of all 0 < m < 2™ minterms. Note that in 
Eq. (3.91) we need one minterm for each x value such that f(x) = 1. It is 
sufficient to compute the minterms in order to obtain f(x). 



Algoritmi quantistici

Esercizio: dimostrare che la porta logica AND si implementa tramite il seguente circuito

Figura 4.1: Funzioni logiche a due bits

Per prima cosa osserviamo che in realtà non è necessario implementare tutte
e 16 le funzioni:

f15�i = f i

Mostriamo esplicitamente come implementare un paio di queste funzioni, la-
sciando per esercizio le rimanenti2.

1. Consideriamo f1 e osserviamo dalla relativa tavola di relatività in 4.1
che tale funzione implementa la porta logica AND. Questa può essere
implementata con una CCNOT-gate quantistica3 tale che sul terzo re-
gistro ci sia il qubit corrispondente allo stato |0i:

Figura 4.2: CCNOT quantum gate

Osservando la tabella corrispondente si può notare che sul terzo registro
2
Soluzioni a pag. 129 in [7]

3
In realtà abbiamo già risolto il problema in uno degli esercizi con la porta di Toffoli

classica. Non c’è alcuna differenza!

62

Esercizio: dimostrare che la porta logica OR si implementa tramite il seguente circuito

viene implemento l’operatore AND :

|x1i |x0i |0i

|0i |0i |0i

|0i |1i |0i

|1i |0i |0i

|1i |1i |1i

2. Analogamente dimostrare che il seguente circuito quantistico imple-
menta la funzione f7 che equivale allo OR:

Figura 4.3: Quantum OR gate

3. Dimostrarli tutti!
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Algoritmo di Deutsch

Alice, da Amsterdam, seleziona un numero  da  a , e lo manda in una lettera a 
Bob che vive a Boston. Bob inserisce questo numero in una funzione  e risponde 
con una lettera contenente il risultato che può essere solo  oppure . Bob ha 
promesso di usare questa funzione che può agire solo in uno di questi due modi: o 

 è costante per ogni valore di , oppure è bilanciata, ossia è uguale a  per 
esattamente metà dei possibili  e  per la rimanente metà. L’obiettivo di Alice è 
quello di determinare con certezza se Bob ha scelto la funzione costante o bilanciata 
spedendosi meno lettere possibile. Quanto rapidamente Alice potrà stabilire che 
funzione sta utilizzando Bob?

x 0 2n − 1
f(x)

0 1

f(x) x 1
x 0



Algoritmo di Deutsch
SOLUZIONE CLASSICA

CLASSICAMENTE: Alice ha bisogno che Bob, nel caso peggiore, implementi la propria funzione  

                              volte prima che Alice possa rispondere con certezza.   
2n

2
+ 1

0,1

Stringhe bit

0,1

Funzioni booleane 
Porte logiche

Stringhe bit

f : {0,1}n ⟶ {0,1}m

Alice 
prepara

Bob 
trasforma Alice 

misura



Algoritmo di Deutsch
IMPOSTAZIONE QUANTISTICA

Stringhe qubit

|0⟩, |1⟩

Operatori 
unitari

Stringhe bit

0,1|0⟩, |1⟩

Probabilità

Collasso

Alice 
prepara

Bob 
trasforma Alice 

misura

Uf

Vediamo come possiamo sfruttare la computazione quantistica per rendere 
molto più efficiente la soluzione.



Algoritmo di Deutsch

|0⟩

|1⟩

Uf

|y ⊕ f(x)⟩

|x⟩H

H

H

f : {0,1} ⟶ {0,1}

Abbiamo tutti gli elementi per analizzare il circuito da un punto di vista formale e concettuale

David Deutsch, 1985

Target

Ancilla



Algoritmo di DeutschAlgoritmo di Deutsch

|0⟩

|1⟩

Uf
|y ⊕ f(x)⟩

|x⟩H

H

H

f : {0,1} ⟶ {0,1}

Alice prepara un qubit in stato di sovrapposizione per  
avere in un unico stato codificati entrambi i numeri  

“numero 0” e “numero 1” 
 
 

utilizza un qubit ausiliario che ha la funzione 
di creare interferenza 

|ψ0⟩ = ( |0⟩ + |1⟩

2 ) ( |0⟩ − |1⟩

2 ) =
1
2

[ |00⟩ − |01⟩ + |10⟩ − |11⟩]

Alice 
prepara



Algoritmo di DeutschAlgoritmo di Deutsch

|0⟩

|1⟩

Uf
|y ⊕ f(x)⟩

|x⟩H

H

H

f : {0,1} ⟶ {0,1}

Vediamo ora come agisce l’oracolo (Black box)

|ψ0⟩ =
1
2

[ |00⟩ − |01⟩ + |10⟩ − |11⟩] ⟼
1
2

[ |0,0 ⊕ f(0)⟩ − |0,1 ⊕ f(0)⟩ + |1,0 ⊕ f(1)⟩ − |1,1 ⊕ f(1)⟩]

Possiamo ora affrontare i calcoli successivi in due modi: 

1. fare i conti espliciti per tutte le quattro funzioni  possibili 
2. mostrare cosa accade se  è bilanciata o costante

f
f

Bob 
trasforma
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|0⟩

|1⟩

Uf
|y ⊕ f(x)⟩

|x⟩H

H

H

f : {0,1} ⟶ {0,1}

|ψ1⟩ =
1
2

[ |0,0 ⊕ f(0)⟩ − |0,1 ⊕ f(0)⟩ + |1,0 ⊕ f(1)⟩ − |1,1 ⊕ f(1)⟩]

Calcoli espliciti

1. f(0) = f(1) = 0
2. f(0) = f(1) = 1
3. f(0) = 0 ∧ f(1) = 1
4. f(0) = 1 ∧ f(1) = 0

2. f(0) = f(1) = 1 1
2

[ |0,0 ⊕ f(0)⟩ − |0,1 ⊕ f(0)⟩ + |1,0 ⊕ f(1)⟩ − |1,1 ⊕ f(1)⟩] =
1
2

[ |0,1⟩ − |0,0⟩ + |1,1⟩ − |1,0⟩]

=
1
2

[ |0⟩ ⊗ ( |1⟩ − |0⟩) + |1⟩ ⊗ ( |1⟩ − |0⟩)] = − ( |0⟩ + |1⟩

2 ) ⊗ ( |0⟩ − |1⟩

2 )

Bob 
trasforma

Esempio
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|ψ1⟩ = − ( |0⟩ + |1⟩

2 ) ⊗ ( |0⟩ − |1⟩

2 )

Algoritmo di Deutsch

|0⟩

|1⟩

Uf
|y ⊕ f(x)⟩

|x⟩H

H

H

f : {0,1} ⟶ {0,1}

H ⊗ I
|ψ2⟩ = |0⟩ ⊗ ( |0⟩ − |1⟩

2 )

Alice 
misura

P(0) = 1

Algoritmo di Deutsch

|0⟩

|1⟩

Uf
|y ⊕ f(x)⟩

|x⟩H

H

H

f : {0,1} ⟶ {0,1}

Esercizio: Svolgere i calcoli negli altri 3 casi.



|0⟩

|1⟩

Uf

|y ⊕ f(x)⟩

|x⟩H

H

H

Algoritmo di Deutsch

Si dimostra quindi che se

 è costante f P(0) = 1
 è bilanciata f P(1) = 1

Abbiamo implementato  UNA SOLA VOLTA!!!f

L’interferenza è tale che se la funzione è 
costante lo stato è trasformato in , 

altrimenti in 
|0⟩

|1⟩

La porta di Hadamard permette di generare 
uno stato che risulta sovrapposizione di tutti 

quelli che codificano le informazioni

N.B. L’operatore  ha potuto agire  

contemporaneamente su tutti gli stati: 
parallelismo quantistico. 

Uf
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Esercizio: Svolgere i calcoli espliciti per i rimanenti tre casi.

In generale l’idea è quella di lasciare indisturbato il qubit ancilla e quindi
possiamo scrivere5

| 2i =
1

2
[|0i (|0 � f(0)i � |1 � f(0)i) + |1i (|0 � f(1)i � |1 � f(1)i)] =

da cui tenendo presente che f(0) = 0, 1 e f(1) = 0, 1 otteniamo

=
1

2

⇥
(�1)f(0) |0i (|0i � |1i) + (�1)f(1) |1i (|0i � |1i)

⇤
=

1p
2

⇥
(�1)f(0) |0i + (�1)f(1) |1i

⇤
⌦ |0i � |1ip

2
(4.2)

A questo punto riapplicando la porta di Hadamard sul primo qubit e l’identità
sul secondo otteniamo

| 3i = (H⌦I) | 2i =
1p
2


(�1)f(0)

|0i + |1ip
2

+ (�1)f(1)
|0i � |1ip

2

�
⌦ |0i � |1ip

2
=

=
1

2

�⇥
(�1)f(0) + (�1)f(1)

⇤
|0i +

⇥
(�1)f(0) � (�1)f(1)

⇤
|1i
 

⌦ |0i � |1ip
2

A questo punto rimane da fare la misura sullo stato | 3i:

1. se la misura dà 1, significa che f(0) = f(1) e risulta che lo stato finale
sia

|0i = |f(0) � f(1)i

2. se la misura dà -1, significa che f(0) 6= f(1) e risulta che lo stato finale
sia

|1i = |f(0) � f(1)i

In ogni caso il circuito quantistico ci ha permesso di determinare la proprietà
globale di f(x), ossia f(0) � f(1) usando un solo valore di f(x).

5
Ometteremo il simbolo di prodotto tensore ove non necessario
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Esercizio: Svolgere i calcoli espliciti per i rimanenti tre casi.

In generale l’idea è quella di lasciare indisturbato il qubit ancilla e quindi
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1

2
[|0i (|0 � f(0)i � |1 � f(0)i) + |1i (|0 � f(1)i � |1 � f(1)i)] =
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⇥
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⇤
=

1p
2

⇥
(�1)f(0) |0i + (�1)f(1) |1i

⇤
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2
(4.2)

A questo punto riapplicando la porta di Hadamard sul primo qubit e l’identità
sul secondo otteniamo

| 3i = (H⌦I) | 2i =
1p
2


(�1)f(0)

|0i + |1ip
2

+ (�1)f(1)
|0i � |1ip

2

�
⌦ |0i � |1ip

2
=

=
1

2

�⇥
(�1)f(0) + (�1)f(1)

⇤
|0i +

⇥
(�1)f(0) � (�1)f(1)

⇤
|1i
 

⌦ |0i � |1ip
2

A questo punto rimane da fare la misura sullo stato | 3i:

1. se la misura dà 1, significa che f(0) = f(1) e risulta che lo stato finale
sia

|0i = |f(0) � f(1)i

2. se la misura dà -1, significa che f(0) 6= f(1) e risulta che lo stato finale
sia

|1i = |f(0) � f(1)i

In ogni caso il circuito quantistico ci ha permesso di determinare la proprietà
globale di f(x), ossia f(0) � f(1) usando un solo valore di f(x).

5
Ometteremo il simbolo di prodotto tensore ove non necessario

66



Algoritmo di Deutsch
CALCOLO MATRICIALE

Come abbiamo già visto lo stato iniziale risulta  

Su di esso deve agire la matrice 

• se f(x) = 1, ossia se f è sempre falsa, allora l’operatore UF (F=False)
agisce nel seguente modo

UF : |x, yi 7�! |x, y � f(x)i = |x, y � 1i = |x, yi
L’operatore UF dunque modifica il secondo qubit indipendentemente
dal valore del primo. La matrice associata risulta

UF =
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Ora che abbiamo tradotto con linguaggio matriciale anche l’azione della fun-
zione dell’oracolo, facciamo il calcolo in un caso (gli altri tre sono del tutto
analoghi!)
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A questo punto applichiamo l’operatore H2⌦H2 (la matrice associata si trova
con le consuete regole del prodotto tensore tra matrici) su |0i
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A questo punto riapplichiamo la porta di Hadamard sul primo livello, l’iden-
tità sul secondo
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Come prima nel caso in cui f(0) = f(1) = 0, la misura sul primo livello
risulta essere lo stato |0i. Gli altri conti confermano quanto già visto con la
notazione di Dirac.
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H ⊗ H =
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Come prima nel caso in cui f(0) = f(1) = 0, la misura sul primo livello
risulta essere lo stato |0i. Gli altri conti confermano quanto già visto con la
notazione di Dirac.
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|0⟩ ⊗ |1⟩ =

La funzione , a seconda del modo con cui agisce, determina quattro diverse matrici 
che corrispondono agli operatori lineari che agiscono sui due livelli dell’algoritmo.  

f

Accenniamo solamente a come impostare il problema da un punto di vista matriciale



Algoritmo di Deutsch
CALCOLO MATRICIALELa funzione f , a seconda del modo con cui agisce, determina quattro diverse

matrici che corrispondono agli operatori lineari che agiscono sui due livelli
dell’algoritmo.

• se f(x) = x, ossia se f è l’identità I (f(0) = 0 e f(1) = 1) allora
l’operatore UI agisce nel seguente modo

UI : |x, yi 7�! |x, y � f(x)i = |x, y � xi

L’operatore UI dunque modifica il secondo qubit solo se il primo è 1,
ossia è una CNOT � gate. Con semplici calcoli7 si può ottenere la
matrice associata

UI =

2

664

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

3

775

• se f(x) = x, ossia se f è la negazione (f(0) = 1 e f(1) = 0), allora
l’operatore UX agisce nel seguente modo

UX : |x, yi 7�! |x, y � f(x)i = |x, y � (x � 1)i

L’operatore UX dunque modifica il secondo qubit solo se il primo è zero,
ossia è una Z � CNOT � gate. La matrice associata risulta

UX =

2
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0 1 0 0
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0 0 1 0
0 0 0 1

3

775

• se f(x) = 0, ossia se f è sempre vera, allora l’operatore UT (T=true)
agisce nel seguente modo

UT : |x, yi 7�! |x, y � f(x)i = |x, y � 0i = |x, yi

L’operatore UT dunque non modifica il secondo qubit indipendente-
mente dal valore del primo. La matrice associata risulta

UT =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3
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7
La matrice si può immediatamente costruire pensando che deve scambiare tra loro il

terzo e il quarto vettore della base computazionale. Per far questo basta invertire la terza

e la quarta riga della matrice identica. Analogamente per le altre matrici necessarie ad

implementare l’algoritmo.
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• se f(x) = 1, ossia se f è sempre falsa, allora l’operatore UF (F=False)
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UF : |x, yi 7�! |x, y � f(x)i = |x, y � 1i = |x, yi
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analoghi!)

| 0i =

1
0

�
⌦


0
1

�
=

2

664

0
1
0
0

3

775

A questo punto applichiamo l’operatore H2⌦H2 (la matrice associata si trova
con le consuete regole del prodotto tensore tra matrici) su |0i

(H2 ⌦ H2)(| 0i) =
1

2

2

664

1 1 1 1
1 �1 1 �1
1 1 �1 �1
1 �1 �1 1

3

775

2

664

0
1
0
0

3

775 =
1

2

2

664

1
�1
1

�1

3

775 := | 1i

UT (| 1i) =
1

2

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3

775

2

664

1
�1
1

�1

3

775 =
1

2

2

664

�1
1

�1
1

3

775 := | 2i
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Come prima nel caso in cui f(0) = f(1) = 0, la misura sul primo livello
risulta essere lo stato |0i. Gli altri conti confermano quanto già visto con la
notazione di Dirac.
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Esercizio: Risolvere l’algoritmo di Deutsch con il linguaggio matriciale nello stesso 
caso visto in notazione di Dirac.



In definitiva l’apparato sperimentale completo per implementare l’algo-
ritmo risulta essere:

A N de Oliveira et al

Figure 3. Experimental implementation of the optical Deutsch algorithm. The first Dove prism (DP1) and polarizer (POL 45◦) are used to
prepare the state 1

2 (|↔〉 + |$ 〉) ⊗ ( − ). This is the necessary state after the first two Hadamards shown in figure 2. The Dove prisms
DP2 and DP3 are assembled in translational stages and can be placed in or out of the beam path. With the PZT we can control the relative
phase between arms. The λ/2 acts as the last Hadamard, necessary in the Deutsch algorithm (figure 2). The POL θ and detector are used to
determine the output polarization state. The laser used is an argon laser working in 488 nm and the Hermite–Gaussian mode is obtained by
breaking the cylindrical symmetry inside the laser cavity with a thin gold wire (25 µm) placed in the middle of cavity as was shown by
Padgett et al (1996).

the expense of an increase of the physical resources necessary
to build our apparatus2.

One way to implement the NOT operation on the SP degree
of freedom (the target qubit) is to use a Dove prism, which acts
on the spatial profile as a half-waveplate acts on polarization.
When we rotate the Dove prism by an angle θ , the transverse
profile is rotated by 2θ , as can be seen in Hecht (1998). In the
basis we have chosen, the NOT operation corresponds to a swap
between and , which is equivalent to an image rotation
of 90◦. So, for a spatial profile, a NOT or Pauli X operator
can be physically achieved with a Dove prism oriented at 45◦.
The Dove prism will slightly affect the polarization as well,
but we will neglect this effect since the ellipticity introduced
is small and could be corrected using additional waveplates, if
necessary.

The Dove prism can be used to invert the target qubit,
but we need a mechanism to control this inversion in order to
build a CNOT gate. The idea is to use different paths that are
obtained by means of a polarized beam splitter (PBS). The PBS
transmits light with horizontal polarization and reflects vertical
polarization. We have chosen horizontal polarization |↔〉 as
our basis state |0〉, so in the path followed by horizontally
polarized light we do not do anything to target state, i.e.,
the beam goes straight ahead to the second PBS. Vertical
polarization, |$ 〉, is our state |1〉. In the path followed by this
polarization we have to invert the target state, i.e., the beam
should pass through the Dove prism, rotating the spatial profile.
The paths are then recombined on a second PBS. A schematic
diagram of the CNOT gate setup is shown in figure 1.

2 Using additional single-qubit Hadamard transformations, the control and
target qubits of a CNOT gate can be switched (Nielsen and Chuang 2000,
p 179). In our apparatus, this would require two additional half-waveplates
and two additional Dove prisms.

4. Deutsch algorithm

The Deutsch algorithm can be thought of as a solution to the
following problem: suppose we have a boolean function f (x),
that receives 0 or 1 as input and gives either one of the two
possibilities as output. There are four possible actions for
this function: either f (x) is constant such that f (x) = 0 or
f (x) = 1 regardless of the input, or f (x) is balanced, such
that f (x) = x or f (x) = inv(x), where ‘inv’ is the inversion
operation. The task at hand is to discover whether f (x) is
balanced or constant. This problem is equivalent to discovering
whether an unknown coin is fair (one side head, one side tail)
or biased (both sides head or both sides tail).

With classical computation it is necessary to evaluate the
function twice, once for each possible input, to decide whether
it is constant or balanced. However, using a quantum computer
we can obtain this information with only one evaluation.
This works because the quantum computer allows us to send
superpositions of the basis states as inputs, which provides a
quantum parallelism.

In a quantum computer, this function must be calculated
in a reversible way, and for this reason it is necessary to use
two qubits. We can think of one of them as an ancilla to
allow the inverse operation (determining the input knowing
the output). The quantum circuit representing the Deutsch
algorithm is shown in figure 2. The operator U f takes the input
qubits |x〉 and |y〉 to |x〉 and |y ⊕ f (x)〉, respectively, where
⊕ denotes addition modulo 2. In this diagram the final state
before measurement, |#out〉, is given by (Nielsen and Chuang
2000),

|#out〉 = (−1) f (0)| f (0) ⊕ f (1)〉 ⊗
( |0〉 − |1〉√

2

)
. (4)

We observe that the final state of the first qubit | f (0) ⊕ f (1)〉
will give us the desired answer. If it is equal |0〉, we know that
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Figura 11: Deutsch algorithm con interferometro Mach-Zender

che traduce il circuito quantistico

Implementing the Deutsch algorithm with polarization and transverse spatial modes

PBS

PBS
Dove prism

Figure 1. Experimental implementation of the optical CNOT gate.
Horizontally polarized light is transmitted by the first PBS, follows
the upper arm and exits through the second PBS with no change in
spatial profile. Vertically polarized light is reflected by the first PBS,
passes through the Dove prism, where the spatial profile is rotated,
and then exits through the second PBS. The last mirror is necessary
to correct the left–right inversion caused by the odd number of
reflections in the interferometer.

the Deutsch algorithm for two qubits reduces the computation
time by only a factor of two (Nielsen and Chuang 2000), it
is essential that the total success probability of all quantum
gates required is greater than 1

2 . We note here that Gulde et al
(2003) have recently implemented the Deutsch algorithm using
motional and electronic quantum states of an individual ion.

2. Transverse spatial modes

Although the usual zero-order Gaussian beam is the most
common type of beam produced in conventional lasers, there
is an infinite number of different transverse spatial Gaussian
modes. Two common families are Laguerre–Gaussian and
Hermite–Gaussian modes. The general equation describing
these modes is obtained from the solution of the paraxial wave
equation for resonant cavities. This differential equation is
identical to that of the two-dimensional harmonic oscillator
(van Enk and Nienhuis 1992, Nienhuis and Allen 1993).
The lowest energy solution to the two-dimensional harmonic
oscillator is the usual Gaussian function. For excited states,
solutions are given by the product of Hermite or Laguerre
polynomials with a Gaussian function, depending on whether
one is working in cylindrical (Laguerre) or Cartesian (Hermite)
coordinates. In our case, we are interested in beams of order
N = 1 (the order parameter will be explained below), which
corresponds to the first excited state of the two-dimensional
harmonic oscillator. First-order Gaussian beams can be used
to represent a two-dimensional system which is analogous to
polarization. Padgett and Courtial (1999) have introduced an
equivalent Poincaré sphere for modes of order N = 1. The
Hermite–Gaussian modes are equivalent to linear polarization
and the Laguerre–Gaussian modes are equivalent to circular
polarization. Thus, in addition to polarization, first-order
transverse spatial modes of the electromagnetic field can also
be used to represent a qubit.

Hermite–Gaussian and Laguerre–Gaussian modes are
given by (Beijersbergen et al 1993)

HGmn(x, y) ∝ Hm
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Figure 2. Quantum circuit used to solve the Deutsch algorithm. The
result is given by the measurement of the upper qubit. The H gate
represents a Hadamard operation given by 1√
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Here Hn and Ll

p are the Hermite and Laguerre polynomials,
respectively, and the parameter w(z) is the beam radius. For
simplicity, normalization and some phase arguments have been
omitted. The order parameter N is given by N = n + m for the
Hermite–Gaussian and N = 2p + |l| for Laguerre–Gaussian
modes.

We will use only beams of order N = 1, and from now
on, the convention for polarization, spatial profile state and
computational bases will be respectively given by

polarization spatial mode computational basis
|↔〉, → |0〉
|' 〉, → |1〉.

As an example we provide some other states, built from
superposition of the basis states (Beijersbergen et al 1993):

| ↔〉 = 1√
2
|↔〉 +

1√
2
|' 〉,

= 1√
2

− 1√
2

,

|LG+1
0 〉 = 1√

2
− i√

2
.

3. Controlled-NOT gate

As mentioned before, one of the basic quantum gates is the
controlled-not or CNOT gate. The quantum CNOT gate is
equivalent to the classical CNOT gate, except that the quantum
version acts on qubits. The CNOT gate applies the NOT
or inversion operation on one qubit, called the target qubit,
depending on the state of a second qubit, known as the control.
The NOT operation can be performed by the application of the
Pauli X matrix (X = [ 0 1

1 0

]
) on the desired qubit. The action

of the CNOT can be summarized as

CNOT = |0〉〈0|control ⊗ Itarget + |1〉〈1|control ⊗ Xtarget. (3)

If the control state is |0〉, nothing happens to the target qubit,
but if the control state is |1〉, an X operation acts on the target
state.

Here we will show how to implement a CNOT gate using
both polarization and transverse spatial mode, which will be
necessary to solve the Deutsch problem. We use polarization
(POL) as the control qubit and transverse spatial mode (SP) as
the target qubit. The role of these qubits could be reversed at
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Figura 12: Deutsch algorithm

Vediamo nel dettaglio come gli elementi10 del setup permettono di implemen-
tare l’algoritmo utilizzando come formalismo gli stati espressi come in figura
911

10Non parleremo degli specchi perché complessivamente il loro contributo è ininfluente.
11È immaginabile costruire una scheda che guidi gli studenti ad eseguire autonomamente

i calcoli che seguono in modo da verificare l’effettiva comprensione della parte introduttiva?

20

Algoritmo di Deutsch

In questo setup sperimentale i due qubit 
vengono codificati sfruttando due proprietà 
della luce: polarizzazione e momento 
angolare orbitale (modi spaziali)

REALIZZAZIONE SPERIMENTALE

Possiamo considerare dunque polarizzazione e modi spaziali come base
computazionale nel seguente modo:

Implementing the Deutsch algorithm with polarization and transverse spatial modes
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solutions are given by the product of Hermite or Laguerre
polynomials with a Gaussian function, depending on whether
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coordinates. In our case, we are interested in beams of order
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corresponds to the first excited state of the two-dimensional
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omitted. The order parameter N is given by N = n + m for the
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|' 〉, → |1〉.

As an example we provide some other states, built from
superposition of the basis states (Beijersbergen et al 1993):

| ↔〉 = 1√
2
|↔〉 +
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2
|' 〉,

= 1√
2

− 1√
2

,

|LG+1
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2
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3. Controlled-NOT gate

As mentioned before, one of the basic quantum gates is the
controlled-not or CNOT gate. The quantum CNOT gate is
equivalent to the classical CNOT gate, except that the quantum
version acts on qubits. The CNOT gate applies the NOT
or inversion operation on one qubit, called the target qubit,
depending on the state of a second qubit, known as the control.
The NOT operation can be performed by the application of the
Pauli X matrix (X = [ 0 1

1 0

]
) on the desired qubit. The action

of the CNOT can be summarized as

CNOT = |0〉〈0|control ⊗ Itarget + |1〉〈1|control ⊗ Xtarget. (3)

If the control state is |0〉, nothing happens to the target qubit,
but if the control state is |1〉, an X operation acts on the target
state.

Here we will show how to implement a CNOT gate using
both polarization and transverse spatial mode, which will be
necessary to solve the Deutsch problem. We use polarization
(POL) as the control qubit and transverse spatial mode (SP) as
the target qubit. The role of these qubits could be reversed at
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Figura 10: Base computazionale

Questo ci permette di spiegare come implementare sperimentalmente le quat-
tro forme di Uf (vedi figura 7).

Uf00 nel primo caso non accade nulla; non serve inserire nulla nell’interfero-
metro;

Uf01 in questo caso siamo in presenza di una C-NOT gate che può essere
implementata inserendo un dove prism nel braccio dell’interferometro
che trasmette luce polarizzata verticalmente: viene modificato il modo
spaziale solo se la polarizzazione è verticale;

Uf10 siamo in presenza di una Z-CNOT gate che si può ottenere sempli-
cemente spostando il dove prism sull’altro braccio dell’interferometro:
viene modificato il modo spaziale solo se la polarizzazione è orizzontale;

Uf11 la NOT gate si ottiene inserendo due dove prism su entrambi i bracci del-
l’interferometro: viene modificato il modo spaziale indipendentemente
dalla polarizzazione;
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Sovrapposizione 
sui modi spaziali

Sovrapposizione 
sulla polarizzazione

Oracolo

Interferenza 
polarizzazione

Permettono di verificare che una 
delle due polarizzazioni ha P=1 e 

l’altra ha P=0 

1.1 Cos’è l’OAM

OAM è l’acronimo di "orbital angular momentum", che si traduce in "momento angolare orbitale"
. Esso si definisce come la componente del momento angolare della radiazione elettromagnetica
che dipende dalla sua distribuzione spaziale e non dallo stato di polarizzazione. Per completezza
riportiamo anche la definizione di SAM ("momento angolare di spin") che, in maniera antisim-
metrica all’OAM, è la componente di momento angolare della luce dipendente esclusivamente
dallo stato di polarizzazione.
Il motivo del nome "momento angolare orbitale" è chiaro se si analizza il comportamento della
materia che interagisce con un fascio di luce che trasporta momento angolare:

Figura 1.1: Rappresentazione schematica dell’interazione tra materia (la sfera bianca) e radia-
zione elettromagnetica che trasporta momento angolare di spin (a sinistra), e momento angolare
orbitale (a destra).
Quando un fascio che trasporta momento angolare incontra una particella assorbente, il mo-
mento angolare può essere trasferito e la particella comincerà a ruotare [1], in particolare se la
particella non si trova al centro del fascio che la colpisce, SAM e OAM daranno origine a due
diversi comportamenti. Il primo metterà la particella in rotazione su se stessa, mentre il secondo
provocherà un moto di rivoluzione della particella intorno al centro del fascio, mettendola di
fatto in orbita; ciò giustifica il nome "momento angolare orbitale" [2].
Fonte: pagina sul momento angolare della luce di Wikipedia.

2

Fascio di luce trasporta momento angolare: 
quando interagisce con una particella di 
materia essa comincia a ruotare. La rotazione 
rispetto al proprio asse dipende dal momento 
a n g o l a r e d i s p i n ( d i p e n d e d a l l a 
polarizzazione); la rotazione rispetto all’asse 
del fascio dipende dal momento angolare 
orbitale (dipende dalla distribuzione spaziale e 
non dalla polarizzazione)



In definitiva l’apparato sperimentale completo per implementare l’algo-
ritmo risulta essere:

A N de Oliveira et al

Figure 3. Experimental implementation of the optical Deutsch algorithm. The first Dove prism (DP1) and polarizer (POL 45◦) are used to
prepare the state 1

2 (|↔〉 + |$ 〉) ⊗ ( − ). This is the necessary state after the first two Hadamards shown in figure 2. The Dove prisms
DP2 and DP3 are assembled in translational stages and can be placed in or out of the beam path. With the PZT we can control the relative
phase between arms. The λ/2 acts as the last Hadamard, necessary in the Deutsch algorithm (figure 2). The POL θ and detector are used to
determine the output polarization state. The laser used is an argon laser working in 488 nm and the Hermite–Gaussian mode is obtained by
breaking the cylindrical symmetry inside the laser cavity with a thin gold wire (25 µm) placed in the middle of cavity as was shown by
Padgett et al (1996).

the expense of an increase of the physical resources necessary
to build our apparatus2.

One way to implement the NOT operation on the SP degree
of freedom (the target qubit) is to use a Dove prism, which acts
on the spatial profile as a half-waveplate acts on polarization.
When we rotate the Dove prism by an angle θ , the transverse
profile is rotated by 2θ , as can be seen in Hecht (1998). In the
basis we have chosen, the NOT operation corresponds to a swap
between and , which is equivalent to an image rotation
of 90◦. So, for a spatial profile, a NOT or Pauli X operator
can be physically achieved with a Dove prism oriented at 45◦.
The Dove prism will slightly affect the polarization as well,
but we will neglect this effect since the ellipticity introduced
is small and could be corrected using additional waveplates, if
necessary.

The Dove prism can be used to invert the target qubit,
but we need a mechanism to control this inversion in order to
build a CNOT gate. The idea is to use different paths that are
obtained by means of a polarized beam splitter (PBS). The PBS
transmits light with horizontal polarization and reflects vertical
polarization. We have chosen horizontal polarization |↔〉 as
our basis state |0〉, so in the path followed by horizontally
polarized light we do not do anything to target state, i.e.,
the beam goes straight ahead to the second PBS. Vertical
polarization, |$ 〉, is our state |1〉. In the path followed by this
polarization we have to invert the target state, i.e., the beam
should pass through the Dove prism, rotating the spatial profile.
The paths are then recombined on a second PBS. A schematic
diagram of the CNOT gate setup is shown in figure 1.

2 Using additional single-qubit Hadamard transformations, the control and
target qubits of a CNOT gate can be switched (Nielsen and Chuang 2000,
p 179). In our apparatus, this would require two additional half-waveplates
and two additional Dove prisms.

4. Deutsch algorithm

The Deutsch algorithm can be thought of as a solution to the
following problem: suppose we have a boolean function f (x),
that receives 0 or 1 as input and gives either one of the two
possibilities as output. There are four possible actions for
this function: either f (x) is constant such that f (x) = 0 or
f (x) = 1 regardless of the input, or f (x) is balanced, such
that f (x) = x or f (x) = inv(x), where ‘inv’ is the inversion
operation. The task at hand is to discover whether f (x) is
balanced or constant. This problem is equivalent to discovering
whether an unknown coin is fair (one side head, one side tail)
or biased (both sides head or both sides tail).

With classical computation it is necessary to evaluate the
function twice, once for each possible input, to decide whether
it is constant or balanced. However, using a quantum computer
we can obtain this information with only one evaluation.
This works because the quantum computer allows us to send
superpositions of the basis states as inputs, which provides a
quantum parallelism.

In a quantum computer, this function must be calculated
in a reversible way, and for this reason it is necessary to use
two qubits. We can think of one of them as an ancilla to
allow the inverse operation (determining the input knowing
the output). The quantum circuit representing the Deutsch
algorithm is shown in figure 2. The operator U f takes the input
qubits |x〉 and |y〉 to |x〉 and |y ⊕ f (x)〉, respectively, where
⊕ denotes addition modulo 2. In this diagram the final state
before measurement, |#out〉, is given by (Nielsen and Chuang
2000),

|#out〉 = (−1) f (0)| f (0) ⊕ f (1)〉 ⊗
( |0〉 − |1〉√

2

)
. (4)

We observe that the final state of the first qubit | f (0) ⊕ f (1)〉
will give us the desired answer. If it is equal |0〉, we know that
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Figura 11: Deutsch algorithm con interferometro Mach-Zender

che traduce il circuito quantistico

Implementing the Deutsch algorithm with polarization and transverse spatial modes

PBS

PBS
Dove prism

Figure 1. Experimental implementation of the optical CNOT gate.
Horizontally polarized light is transmitted by the first PBS, follows
the upper arm and exits through the second PBS with no change in
spatial profile. Vertically polarized light is reflected by the first PBS,
passes through the Dove prism, where the spatial profile is rotated,
and then exits through the second PBS. The last mirror is necessary
to correct the left–right inversion caused by the odd number of
reflections in the interferometer.

the Deutsch algorithm for two qubits reduces the computation
time by only a factor of two (Nielsen and Chuang 2000), it
is essential that the total success probability of all quantum
gates required is greater than 1

2 . We note here that Gulde et al
(2003) have recently implemented the Deutsch algorithm using
motional and electronic quantum states of an individual ion.

2. Transverse spatial modes

Although the usual zero-order Gaussian beam is the most
common type of beam produced in conventional lasers, there
is an infinite number of different transverse spatial Gaussian
modes. Two common families are Laguerre–Gaussian and
Hermite–Gaussian modes. The general equation describing
these modes is obtained from the solution of the paraxial wave
equation for resonant cavities. This differential equation is
identical to that of the two-dimensional harmonic oscillator
(van Enk and Nienhuis 1992, Nienhuis and Allen 1993).
The lowest energy solution to the two-dimensional harmonic
oscillator is the usual Gaussian function. For excited states,
solutions are given by the product of Hermite or Laguerre
polynomials with a Gaussian function, depending on whether
one is working in cylindrical (Laguerre) or Cartesian (Hermite)
coordinates. In our case, we are interested in beams of order
N = 1 (the order parameter will be explained below), which
corresponds to the first excited state of the two-dimensional
harmonic oscillator. First-order Gaussian beams can be used
to represent a two-dimensional system which is analogous to
polarization. Padgett and Courtial (1999) have introduced an
equivalent Poincaré sphere for modes of order N = 1. The
Hermite–Gaussian modes are equivalent to linear polarization
and the Laguerre–Gaussian modes are equivalent to circular
polarization. Thus, in addition to polarization, first-order
transverse spatial modes of the electromagnetic field can also
be used to represent a qubit.

Hermite–Gaussian and Laguerre–Gaussian modes are
given by (Beijersbergen et al 1993)

HGmn(x, y) ∝ Hm
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Figure 2. Quantum circuit used to solve the Deutsch algorithm. The
result is given by the measurement of the upper qubit. The H gate
represents a Hadamard operation given by 1√
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Here Hn and Ll

p are the Hermite and Laguerre polynomials,
respectively, and the parameter w(z) is the beam radius. For
simplicity, normalization and some phase arguments have been
omitted. The order parameter N is given by N = n + m for the
Hermite–Gaussian and N = 2p + |l| for Laguerre–Gaussian
modes.

We will use only beams of order N = 1, and from now
on, the convention for polarization, spatial profile state and
computational bases will be respectively given by

polarization spatial mode computational basis
|↔〉, → |0〉
|' 〉, → |1〉.

As an example we provide some other states, built from
superposition of the basis states (Beijersbergen et al 1993):

| ↔〉 = 1√
2
|↔〉 +

1√
2
|' 〉,

= 1√
2

− 1√
2

,

|LG+1
0 〉 = 1√

2
− i√

2
.

3. Controlled-NOT gate

As mentioned before, one of the basic quantum gates is the
controlled-not or CNOT gate. The quantum CNOT gate is
equivalent to the classical CNOT gate, except that the quantum
version acts on qubits. The CNOT gate applies the NOT
or inversion operation on one qubit, called the target qubit,
depending on the state of a second qubit, known as the control.
The NOT operation can be performed by the application of the
Pauli X matrix (X = [ 0 1

1 0

]
) on the desired qubit. The action

of the CNOT can be summarized as

CNOT = |0〉〈0|control ⊗ Itarget + |1〉〈1|control ⊗ Xtarget. (3)

If the control state is |0〉, nothing happens to the target qubit,
but if the control state is |1〉, an X operation acts on the target
state.

Here we will show how to implement a CNOT gate using
both polarization and transverse spatial mode, which will be
necessary to solve the Deutsch problem. We use polarization
(POL) as the control qubit and transverse spatial mode (SP) as
the target qubit. The role of these qubits could be reversed at
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Figura 12: Deutsch algorithm

Vediamo nel dettaglio come gli elementi10 del setup permettono di implemen-
tare l’algoritmo utilizzando come formalismo gli stati espressi come in figura
911

10Non parleremo degli specchi perché complessivamente il loro contributo è ininfluente.
11È immaginabile costruire una scheda che guidi gli studenti ad eseguire autonomamente

i calcoli che seguono in modo da verificare l’effettiva comprensione della parte introduttiva?
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Algoritmo di Deutsch
REALIZZAZIONE SPERIMENTALE

La parte più interessante del setup è sicuramente quella relativa 
all’implementazione dell’oracolo. La possibilità di inserire o 
disinserire nell’interferometro uno o entrambi i Dove-prism 
permette di implementare i quattro operatori corrispondenti

Possiamo considerare dunque polarizzazione e modi spaziali come base
computazionale nel seguente modo:

Implementing the Deutsch algorithm with polarization and transverse spatial modes

PBS

PBS
Dove prism

Figure 1. Experimental implementation of the optical CNOT gate.
Horizontally polarized light is transmitted by the first PBS, follows
the upper arm and exits through the second PBS with no change in
spatial profile. Vertically polarized light is reflected by the first PBS,
passes through the Dove prism, where the spatial profile is rotated,
and then exits through the second PBS. The last mirror is necessary
to correct the left–right inversion caused by the odd number of
reflections in the interferometer.

the Deutsch algorithm for two qubits reduces the computation
time by only a factor of two (Nielsen and Chuang 2000), it
is essential that the total success probability of all quantum
gates required is greater than 1

2 . We note here that Gulde et al
(2003) have recently implemented the Deutsch algorithm using
motional and electronic quantum states of an individual ion.

2. Transverse spatial modes

Although the usual zero-order Gaussian beam is the most
common type of beam produced in conventional lasers, there
is an infinite number of different transverse spatial Gaussian
modes. Two common families are Laguerre–Gaussian and
Hermite–Gaussian modes. The general equation describing
these modes is obtained from the solution of the paraxial wave
equation for resonant cavities. This differential equation is
identical to that of the two-dimensional harmonic oscillator
(van Enk and Nienhuis 1992, Nienhuis and Allen 1993).
The lowest energy solution to the two-dimensional harmonic
oscillator is the usual Gaussian function. For excited states,
solutions are given by the product of Hermite or Laguerre
polynomials with a Gaussian function, depending on whether
one is working in cylindrical (Laguerre) or Cartesian (Hermite)
coordinates. In our case, we are interested in beams of order
N = 1 (the order parameter will be explained below), which
corresponds to the first excited state of the two-dimensional
harmonic oscillator. First-order Gaussian beams can be used
to represent a two-dimensional system which is analogous to
polarization. Padgett and Courtial (1999) have introduced an
equivalent Poincaré sphere for modes of order N = 1. The
Hermite–Gaussian modes are equivalent to linear polarization
and the Laguerre–Gaussian modes are equivalent to circular
polarization. Thus, in addition to polarization, first-order
transverse spatial modes of the electromagnetic field can also
be used to represent a qubit.

Hermite–Gaussian and Laguerre–Gaussian modes are
given by (Beijersbergen et al 1993)
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Figure 2. Quantum circuit used to solve the Deutsch algorithm. The
result is given by the measurement of the upper qubit. The H gate
represents a Hadamard operation given by 1√
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Here Hn and Ll

p are the Hermite and Laguerre polynomials,
respectively, and the parameter w(z) is the beam radius. For
simplicity, normalization and some phase arguments have been
omitted. The order parameter N is given by N = n + m for the
Hermite–Gaussian and N = 2p + |l| for Laguerre–Gaussian
modes.

We will use only beams of order N = 1, and from now
on, the convention for polarization, spatial profile state and
computational bases will be respectively given by

polarization spatial mode computational basis
|↔〉, → |0〉
|' 〉, → |1〉.

As an example we provide some other states, built from
superposition of the basis states (Beijersbergen et al 1993):
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3. Controlled-NOT gate

As mentioned before, one of the basic quantum gates is the
controlled-not or CNOT gate. The quantum CNOT gate is
equivalent to the classical CNOT gate, except that the quantum
version acts on qubits. The CNOT gate applies the NOT
or inversion operation on one qubit, called the target qubit,
depending on the state of a second qubit, known as the control.
The NOT operation can be performed by the application of the
Pauli X matrix (X = [ 0 1

1 0

]
) on the desired qubit. The action

of the CNOT can be summarized as

CNOT = |0〉〈0|control ⊗ Itarget + |1〉〈1|control ⊗ Xtarget. (3)

If the control state is |0〉, nothing happens to the target qubit,
but if the control state is |1〉, an X operation acts on the target
state.

Here we will show how to implement a CNOT gate using
both polarization and transverse spatial mode, which will be
necessary to solve the Deutsch problem. We use polarization
(POL) as the control qubit and transverse spatial mode (SP) as
the target qubit. The role of these qubits could be reversed at
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Questo ci permette di spiegare come implementare sperimentalmente le quat-
tro forme di Uf (vedi figura 7).

Uf00 nel primo caso non accade nulla; non serve inserire nulla nell’interfero-
metro;

Uf01 in questo caso siamo in presenza di una C-NOT gate che può essere
implementata inserendo un dove prism nel braccio dell’interferometro
che trasmette luce polarizzata verticalmente: viene modificato il modo
spaziale solo se la polarizzazione è verticale;

Uf10 siamo in presenza di una Z-CNOT gate che si può ottenere sempli-
cemente spostando il dove prism sull’altro braccio dell’interferometro:
viene modificato il modo spaziale solo se la polarizzazione è orizzontale;

Uf11 la NOT gate si ottiene inserendo due dove prism su entrambi i bracci del-
l’interferometro: viene modificato il modo spaziale indipendentemente
dalla polarizzazione;
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0.4 L’algoritmo con il Mach-Zender: realizza-
zioni sperimentali

Le realizzazioni sperimentali di cui ci occuperemo rientrano nell’ambito del-
l’ottica lineare. Questo significa che verranno utilizzate sorgenti laser di luce
(luce classica!) e che la non linearità del fenomeno verrà spostata sul rivela-
tore: rivelatori on-off che hanno l’indubbio vantaggio di essere estremamente
non lineari.

Per realizzare l’algoritmo abbiamo bisogni di due livelli che corrispondono
in questa prima realizzazione alla polarizzazione e al momento orbitale an-
golare. Lo stesso fotone, dunque, sarà portatore di due qubit, sui quali verrà
implementato l’algoritmo di Deutsch.

Abbiamo già descritto il circuito quantistico relativo all’algoritmo:
Quantum algorithms 33

Figure 1.19. Quantum circuit implementing Deutsch’s algorithm.

is sent through two Hadamard gates to give

|�1i =
 |0i + |1ip

2

�  |0i � |1ip
2

�
. (1.42)

A little thought shows that if we apply Uf to the state |xi(|0i � |1i)/
p
2 then we obtain

the state (�1)f (x)|xi(|0i � |1i)/
p
2. Applying Uf to |�1i therefore leaves us with one of

two possibilities:
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�����
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(1.43)

The final Hadamard gate on the first qubit thus gives us

|�3i =
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�����

�����

±|0i
 |0i � |1ip

2

�
if f (0) = f (1)

±|1i
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(1.44)

Realizing that f (0)� f (1) is 0 if f (0) = f (1) and 1 otherwise, we can rewrite this result
concisely as

|�3i = ±|f (0)� f (1)i
 |0i � |1ip

2

�
, (1.45)

so by measuring the first qubit we may determine f (0) � f (1). This is very interesting
indeed: the quantum circuit has given us the ability to determine a global property of
f (x), namely f (0)�f (1), using only one evaluation of f (x)! This is faster than is possible
with a classical apparatus, which would require at least two evaluations.
This example highlights the difference between quantum parallelism and classical

randomized algorithms. Naively, one might think that the state |0i|f (0)i + |1i|f (1)i
corresponds rather closely to a probabilistic classical computer that evaluates f (0) with
probability one-half, or f (1) with probability one-half. The difference is that in a classical
computer these two alternatives forever exclude one another; in a quantum computer it is

Figura 7: Descrizione circuitale dell’algoritmo di Deutsch

e i quattro operatori lineari Uf corrispondenti alle quattro possibili funzioni
f :

Implementing the Deutsch algorithm with polarization and transverse spatial modes

f (x) is constant, while if the final state is |1〉, f (x) is balanced.
So, measuring the first qubit we can solve the Deutsch problem
in only one function evaluation.

To physically test the algorithm, we need a device that
implements the U f operator for the four possible f functions.
All the possible operations are summarized below.

Label Function Operation

Case 1: U f 00 f (x) = 0 |x, y〉 −→ |x, y ⊕ 0〉
Case 2: U f 01 f (x) = x |x, y〉 −→ |x, y ⊕ x〉
Case 3: U f 10 f (x) = inv(x) |x, y〉 −→ |x, y ⊕ x ⊕ 1〉
Case 4: U f 11 f (x) = 1 |x, y〉 −→ |x, y ⊕ 1〉

In case 1, nothing happens to the target qubit (y⊕0 = y). This
means that the spatial profile remains unchanged. The second
case is the CNOT operation discussed above, which can be
implemented using the interferometer shown in figure 1. In
the third case, we have a Z-CNOT (a zero-controlled CNOT
gate, where the NOT operation is triggered when the control
state is 0). The Z-CNOT is implemented by putting the
Dove prism in the arm which is followed by the horizontal
polarization (|↔〉 = |0〉). Then the spatial profile is inverted
when the control is |0〉. The last possibility corresponds to the
operation y ⊕ 1 (inv(y)). In other words, the target qubit is
always inverted, independent of the state of the control. This
operation is obtained by putting Dove prisms in both arms of
the interferometer.

Now that we have identified how we can implement the
four possible U f operators, we shall focus on some technical
aspects of the experiment, which is shown in figure 3. First,
it is necessary to point out that, in this experiment, an Ar+

laser was used as the photon source. This means that a large
number of photons is present in the setup at a given time instead
of a single photon. However, since the apparatus is based on
linear optical effects, the same behaviour is expected for single
photons, as can be seen in many cases, as for example in Leach
et al (2002). Single photons with a desired spatial profile
can be obtained by means of post-selecting photon pairs from
spontaneous parametric down-conversion (SPDC) pumped by
a laser beam with the desired spatial profile (Monken et al
1998). With this single-photon source one photon of the pair is
used to trigger the presence of the other in the desired transverse
mode.

Another technical consideration is that the relative phase
between the two arms in the interferometer must be calibrated
and kept fixed. We do this with a piezoelectric (PZT)
that controls the path length difference between arms. The
calibration is made with a Gaussian beam sent through the
interferometer. For a given input polarization, the output
polarization will depend on path length difference. By
measuring the output polarization we can identify the desired
relative phase. A horizontally polarized Gaussian beam was
sent through the apparatus and the output polarization was
measured. A horizontally polarized output beam guarantees
the correct phase between arms of the interferometer. The
polarization measurements in these calibration processes
(Gaussian beam) are shown in figure 4, and table 1 summarizes
the parameters adjusted in this figure using Malus’s law.
The parameter θ0 is the polarizer angle corresponding to a
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Figure 4. The curve for the Gaussian beam is used to adjust the
optical path length difference. The curves corresponding to the
Hermite–Gaussian beam shows the output polarization, which
identifies the answer to Deutschs problem.

maximum of intensity and P is the degree of polarization that,
in this case, can be seen as visibility of the interference curves.

After the phase calibration between arms, the desired
state is sent: a −45◦ Hermite–Gaussian beam with a +45◦
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Implementing the Deutsch algorithm with polarization and transverse spatial modes

f (x) is constant, while if the final state is |1〉, f (x) is balanced.
So, measuring the first qubit we can solve the Deutsch problem
in only one function evaluation.

To physically test the algorithm, we need a device that
implements the U f operator for the four possible f functions.
All the possible operations are summarized below.

Label Function Operation

Case 1: U f 00 f (x) = 0 |x, y〉 −→ |x, y ⊕ 0〉
Case 2: U f 01 f (x) = x |x, y〉 −→ |x, y ⊕ x〉
Case 3: U f 10 f (x) = inv(x) |x, y〉 −→ |x, y ⊕ x ⊕ 1〉
Case 4: U f 11 f (x) = 1 |x, y〉 −→ |x, y ⊕ 1〉

In case 1, nothing happens to the target qubit (y⊕0 = y). This
means that the spatial profile remains unchanged. The second
case is the CNOT operation discussed above, which can be
implemented using the interferometer shown in figure 1. In
the third case, we have a Z-CNOT (a zero-controlled CNOT
gate, where the NOT operation is triggered when the control
state is 0). The Z-CNOT is implemented by putting the
Dove prism in the arm which is followed by the horizontal
polarization (|↔〉 = |0〉). Then the spatial profile is inverted
when the control is |0〉. The last possibility corresponds to the
operation y ⊕ 1 (inv(y)). In other words, the target qubit is
always inverted, independent of the state of the control. This
operation is obtained by putting Dove prisms in both arms of
the interferometer.

Now that we have identified how we can implement the
four possible U f operators, we shall focus on some technical
aspects of the experiment, which is shown in figure 3. First,
it is necessary to point out that, in this experiment, an Ar+

laser was used as the photon source. This means that a large
number of photons is present in the setup at a given time instead
of a single photon. However, since the apparatus is based on
linear optical effects, the same behaviour is expected for single
photons, as can be seen in many cases, as for example in Leach
et al (2002). Single photons with a desired spatial profile
can be obtained by means of post-selecting photon pairs from
spontaneous parametric down-conversion (SPDC) pumped by
a laser beam with the desired spatial profile (Monken et al
1998). With this single-photon source one photon of the pair is
used to trigger the presence of the other in the desired transverse
mode.

Another technical consideration is that the relative phase
between the two arms in the interferometer must be calibrated
and kept fixed. We do this with a piezoelectric (PZT)
that controls the path length difference between arms. The
calibration is made with a Gaussian beam sent through the
interferometer. For a given input polarization, the output
polarization will depend on path length difference. By
measuring the output polarization we can identify the desired
relative phase. A horizontally polarized Gaussian beam was
sent through the apparatus and the output polarization was
measured. A horizontally polarized output beam guarantees
the correct phase between arms of the interferometer. The
polarization measurements in these calibration processes
(Gaussian beam) are shown in figure 4, and table 1 summarizes
the parameters adjusted in this figure using Malus’s law.
The parameter θ0 is the polarizer angle corresponding to a
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Figure 4. The curve for the Gaussian beam is used to adjust the
optical path length difference. The curves corresponding to the
Hermite–Gaussian beam shows the output polarization, which
identifies the answer to Deutschs problem.

maximum of intensity and P is the degree of polarization that,
in this case, can be seen as visibility of the interference curves.

After the phase calibration between arms, the desired
state is sent: a −45◦ Hermite–Gaussian beam with a +45◦
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Detector 1

Detector 2

Mirror 2

Mirror 1

Beam Splitter 1

Beam Splitter 2

Figure 9.3: Mach-Zehnder interferometer with optional phase shifters.

9.4 Quantum Computers Today

While the Deutsch problem has no known commercial applications, useful quantum algorithms
such as Shor’s factoring algorithm rely upon similar concepts. Quantum algorithms are believed to
exist that can speed up machine learning algorithms and efficiently simulate the quantum behavior
of molecules. Unfortunately, current quantum computers are still very far from achieving quantum
supremacy, i.e., outperforming the best classical computers. As of 2018, companies such as IBM
and Google have built different types of quantum computers that contain up to 72 qubits. To give
you an idea of where we need quantum computers to be, factoring a 1024-bit modern encryption
key using Shor’s algorithm would require more than 5,000 qubits. In 2019, Google claimed to
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f1

Phase Shiftby fi

f2

Phase Shiftby fi

f3

Phase Shiftby fi

Phase Shiftby fi

f4

Figure 9.5: Four different functions modeled by four different phase shifter configurations.
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Question 3: If you run the classical algorithm and see that f (0) = 1, could you tell whether the
function is constant or balanced?

No, it could either be the balanced function f3 or the constant function f4. A classical computer
would have to evaluate both f (0) and f (1) to determine the answer.

Quantum Solution

Procedure:

1. Put a qubit in a superposition of 0 and 1 with a Hadamard gate.

2. Operate on the qubit with the unknown function.

3. Apply another Hadamard gate.

4. Measure the qubit’s state. A single measurement will tell you whether the function was
constant or balanced.

We will not go into the math behind the algorithm, but it can be demonstrated using the Mach-
Zehnder interferometer with phase shifters3 as shown in Figure 9.3. Recall from the chapter on
the beam splitter that the beam splitter will shift the phase of a photon depending on whether the
photon hits the glass or dielectric side. The p phase shifters are pieces of glass that can be placed
along the path to shift the phase an additional 180�. Here is how the algorithm is implemented:

1. The two inputs x = 0 and x = 1 are represented by the two possible photon paths as shown
in Figure 9.4. A photon taking the yellow path is x = 0, while a photon taking the red path
is x = 1. The first beam splitter therefore creates a superposition of 0 and 1 since the photon
takes both paths.

2. The four functions will be modeled by four different phase shifter configurations, as shown
in Figure 9.5. A phase shifter is placed in the path whenever the function returns a 1.

3. The second beam splitter creates the interference necessary to tell whether there was an odd
or even number of phase shifters in the way.

4. Measure which detector is activated. There is only one single measurement made. The single
measurement made tells you the answer of the question.

Question 4: Which detector would go off for each function? Can you explain these results by
thinking of light as a wave?

Question 5: How many photons would you need to send to determine whether the function was
constant or balanced?

Thanks to superposition and interference, only one quantum measurement is needed to deter-
mine the answer to the Deutsch-Jozsa problem. In fact, the algorithm can be extended to test
functions with any number of inputs.

3https://www.st-andrews.ac.uk/physics/quvis/simulations_html5/sims/SinglePhotonLab/SinglePhotonLab.html.
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x = 0

x = 1

Figure 9.4: Inputs to the function are photons along two different paths. A photon taking the
yellow path is x = 0, while a photon taking the red path is x = 1.

have performed4 the first quantum computation that a classical computer could not do - a milestone
known as “quantum supremacy”. Quantum supremacy means that a quantum computer can solve a
problem that a classical computer cannot. However, the solution of the problem may not be practi-
cal useful. As such, it is important to note that Google have demonstrated quantum supremacy, not
the “quantum usefulness” milestone. Google perfomed their task on a 53 qubit quantum computer,
which took 200 seconds. They claimed it would take a classical computer 10,000 years to do
the same task. However, shortly after IBM suggested5 that an improved classical supercomputing
technique could theoretically perform the task in just 2.5 days.

There are different technological difficulties when improving a quantum computer. As we
have seen one way, a quantum computer can be built using lasers, which are bunches of photons.
However, there are also random photons outside of the quantum computer in the environment that
may accidentally leak into the quantum computer, and these environmental photons can then cause
accidental changes to the quantum state. Such accidental changes are called “noise”. To reduce
the number of these environmental photons, the quantum computer can be cooled down to near
absolute zero (around -450° Fahrenheit). However, this is difficult. The more qubits you add, the
more you need to keep at this low temperature (a technological challenge). Also, the more qubits
you add, the more lasers you need to interact the qubits, which can be technologically difficult to
keep lots of qubits in one small space but also cause isolated interactions between them. Further,
the more qubits you add, the more likely it is that the qubits will interact accidentally with the
environment, which will then destroy the system’s quantum properties through a process known
as decoherence. However, given how classical computers went from being the size of a room in
the 1960s to an iPhone within a few decades, governments and industries are investing billions of
dollars towards making quantum computers realistic. Ultimately, quantum computers are destined
to complement classical computers, not replace them, so don’t expect to have a quantum phone in

4https://www.nature.com/articles/s41586-019-1666-5
5https://arxiv.org/abs/1910.09534

74

9.4

9.5



Algoritmo di Deutsch -Jozsa

Generalizzazione!
RAPINA IN BANCA 

Sei stato assoldato per rapinare una banca celebre per le sue strutture di 
sicurezza.  
La banca è divisa in molti caveaux in ciascuno dei quali ci sono 8 enormi 
lingotti d’oro. 

Il capo della banda è venuto a sapere che in ogni stanza o tutti i lingotti sono 
falsi o metà sono falsi e metà sono veri. Purtroppo la falsità o l’autenticità dei 
lingotti può essere verificata con apparecchiature troppo sofisticate da poter 
essere trasportate durante la rapina.  
Anche i dipendenti della banca non possono riconoscerne l’autenticità o meno. 
Per evitare che una mappa dei lingotti veri possa essere copiata o rubata, il 
direttore della banca ha deciso di installare un computer (quantistico) in ogni 
stanza. Ogni lingotto può essere codificato in modo ovvio con dei qubit 

Il computer ha un programma che funziona in questo modo: l’impiegato 
inserisce su tre registri i qubit corrispondenti al lingotto scelto e su un quarto 
un qubit ; se il lingotto è autentico allora al quarto qubit viene applicato un 
NOT altrimenti no. Quindi se l’impiegato vede 0 sullo schermo del computer sa 
che il lingotto è vero; altrimenti è falso. I primi tre qubit invece riescono 
esattamente come sono entrati . 1

 

|1⟩

 Possiamo inventarci una porta logica di nome TNOT-gate, ossia una TRUE-NOT gate.1

|000⟩ |001⟩ |111⟩|011⟩ |101⟩ |110⟩|100⟩|010⟩

|000⟩ |001⟩ |111⟩|011⟩ |101⟩ |110⟩|100⟩|010⟩

V F

|0⟩
|0⟩
|0⟩
|1⟩

Esempi ed esercizi

HX HZ1)

2) Dimostrare che  e che  sia con il calcolo matriciale che in   
    notazione di Dirac.

HXH = Z HZH = X

3) Abbiamo già introdotto le matrici di Pauli 

Self-Guided Tour: Ubiquitous Pauli matrices

The eigenvectors of the Pauli

matrices recur su�ciently often

that we have a special notation

for them: |0Í and |1Í for Z, |+Í
and |≠Í for X and |öÍ and |œÍ
for Y .

Two operators A and B

commute if

AB ≠ BA = 0,

and they anticommute if

AB + BA = 0.

We denote these

by[A, B] = 0 and {A, B} =

0, respectively.

(Anti)-Commutation

2.5 Self-Guided Tour: Ubiquitous Pauli matrices
The three Pauli matrices ‡1 © ‡x © X, ‡2 © ‡y © Y , and ‡3 © ‡z © Z, here supple-
mented by the identity matrix 1 (sometimes denoted by ‡0), play an important role in
many applications of quantum theory.

The Pauli Matrices

1 =
C

1 0
0 1

D
X =

C
0 1
1 0

D

bit flip

Y =
C

0 ≠i

i 0

D
Z =

C
1 0
0 ≠1

D

phase flip

Two of the Pauli gates should be already familiar; the Z gate is a special phase gate
with Ï = fi and the X gate is the logical not gate. The two gates X and Z are often
referred to as the bit flip and the phase flip respectively, and we will use this terminology
later on, particularly when we discuss quantum error correction.

Example 2.11: For each ‡ œ {1, X, Y, Z}, calculate:

(i) the Hermitian conjugate;

(ii) ‡2;

(iii) the trace Tr(‡) and determinant det(‡);

(iv) the eigenvalues and eigenvectors;

(v) H‡H, where H is the Hadamard.

Example 2.12:

(i) Verify the anti-commutation relations

XY + Y X = 0

XZ + ZX = 0

Y Z + ZY = 0.

(ii) What is XY written in terms of Pauli matrices?

(iii) What is XY 57X19ZY ?

Example 2.13: The Levi-Civita symbol is defined as

Áijk =

Y
___]

___[

+1 if (i, j, k) is (1, 2, 3), (2, 3, 1), or (3, 1, 2),

≠1 if (i, j, k) is (3, 2, 1), (1, 3, 2), or (2, 1, 3),

0 if i = j, or j = k, or k = i

That is, Áijk is 1 if (i, j, k) is an even permutation of (1, 2, 3), ≠1 if it is an odd
permutation, and 0 if any index is repeated. Show that the algebraic properties of
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≠1 if (i, j, k) is (3, 2, 1), (1, 3, 2), or (2, 1, 3),

0 if i = j, or j = k, or k = i

That is, Áijk is 1 if (i, j, k) is an even permutation of (1, 2, 3), ≠1 if it is an odd
permutation, and 0 if any index is repeated. Show that the algebraic properties of

12

X2 = Y2 = Z2 = H2 = I (Involutorie),

HYH = − Y,

TNOT

10

TNOT
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Generalizzazione!

RAPINA IN BANCA 

Sei stato assoldato per rapinare una banca celebre per le sue strutture di 
sicurezza.  
La banca è divisa in molti caveaux in ciascuno dei quali ci sono 8 enormi 
lingotti d’oro. 

Il capo della banda è venuto a sapere che in ogni stanza o tutti i lingotti sono 
falsi o metà sono falsi e metà sono veri. Purtroppo la falsità o l’autenticità dei 
lingotti può essere verificata con apparecchiature troppo sofisticate da poter 
essere trasportate durante la rapina.  
Anche i dipendenti della banca non possono riconoscerne l’autenticità o meno. 
Per evitare che una mappa dei lingotti veri possa essere copiata o rubata, il 
direttore della banca ha deciso di installare un computer (quantistico) in ogni 
stanza. Ogni lingotto può essere codificato in modo ovvio con dei qubit 

Il computer ha un programma che funziona in questo modo: l’impiegato 
inserisce su tre registri i qubit corrispondenti al lingotto scelto e su un quarto 
un qubit ; se il lingotto è autentico allora al quarto qubit viene applicato un 
NOT altrimenti no. Quindi se l’impiegato vede 0 sullo schermo del computer sa 
che il lingotto è vero; altrimenti è falso. I primi tre qubit invece riescono 
esattamente come sono entrati . 1

 

|1⟩

 Possiamo inventarci una porta logica di nome TNOT-gate, ossia una TRUE-NOT gate.1

|000⟩ |001⟩ |111⟩|011⟩ |101⟩ |110⟩|100⟩|010⟩

|000⟩ |001⟩ |111⟩|011⟩ |101⟩ |110⟩|100⟩|010⟩

V F

|0⟩
|0⟩
|0⟩
|1⟩

Esempi ed esercizi

HX HZ1)

2) Dimostrare che  e che  sia con il calcolo matriciale che in   
    notazione di Dirac.

HXH = Z HZH = X

3) Abbiamo già introdotto le matrici di Pauli 

Self-Guided Tour: Ubiquitous Pauli matrices

The eigenvectors of the Pauli

matrices recur su�ciently often

that we have a special notation

for them: |0Í and |1Í for Z, |+Í
and |≠Í for X and |öÍ and |œÍ
for Y .

Two operators A and B

commute if

AB ≠ BA = 0,

and they anticommute if

AB + BA = 0.

We denote these

by[A, B] = 0 and {A, B} =

0, respectively.

(Anti)-Commutation

2.5 Self-Guided Tour: Ubiquitous Pauli matrices
The three Pauli matrices ‡1 © ‡x © X, ‡2 © ‡y © Y , and ‡3 © ‡z © Z, here supple-
mented by the identity matrix 1 (sometimes denoted by ‡0), play an important role in
many applications of quantum theory.

The Pauli Matrices

1 =
C

1 0
0 1

D
X =

C
0 1
1 0

D

bit flip

Y =
C

0 ≠i

i 0

D
Z =

C
1 0
0 ≠1

D

phase flip

Two of the Pauli gates should be already familiar; the Z gate is a special phase gate
with Ï = fi and the X gate is the logical not gate. The two gates X and Z are often
referred to as the bit flip and the phase flip respectively, and we will use this terminology
later on, particularly when we discuss quantum error correction.

Example 2.11: For each ‡ œ {1, X, Y, Z}, calculate:

(i) the Hermitian conjugate;

(ii) ‡2;

(iii) the trace Tr(‡) and determinant det(‡);

(iv) the eigenvalues and eigenvectors;

(v) H‡H, where H is the Hadamard.
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Generalizzazione!
Esercizio 1: Prova a costruire un circuito in grado di implementare il 
programma descritto (almeno in qualche caso particolare). 

La banda è venuta a conoscenza del funzionamento del programma, ma c’è un 
ulteriore problema: per aumentare la sicurezza il computer restituisce il 
risultato in un’ora. Quindi quando sarai all’interno del caveau potrai utilizzarlo 
solo una volta prima di poter uscire senza essere catturato. Inoltre il 
capobanda ha deciso che lascerà vivo chi porterà lingotti autentici e ucciderà 
chi ne porterà solo falsi perché occupano spazio inutile sul furgone .  2

Sembra che per te ci sia una sola soluzione: inserire i qubit di codifica di un 
lingotto nel computer; se esce 0 puoi festeggiare e correre a portare i lingotti 
sul furgone, se viene 1 prendere comunque tutti i lingotti e sperare in bene… 

Esercizio 2: Sei in grado di modificare il circuito precedente in modo da 
migliorare le tue probabilità di conoscere in che tipo di caveau sei entrato  e far 3

cambiare idea al capo sul suo terribile piano?  

 Come ogni capo ha qualche atteggiamento non troppo razionale…2

 Quello con 8 lingotti falsi o l’altro3

Esercizio 1: Prova a costruire un circuito in grado di implementare il 
programma descritto (almeno in qualche caso particolare). 

La banda è venuta a conoscenza del funzionamento del programma, ma c’è un 
ulteriore problema: per aumentare la sicurezza il computer restituisce il 
risultato in un’ora. Quindi quando sarai all’interno del caveau potrai utilizzarlo 
solo una volta prima di poter uscire senza essere catturato. Inoltre il 
capobanda ha deciso che lascerà vivo chi porterà lingotti autentici e ucciderà 
chi ne porterà solo falsi perché occupano spazio inutile sul furgone .  2

Sembra che per te ci sia una sola soluzione: inserire i qubit di codifica di un 
lingotto nel computer; se esce 0 puoi festeggiare e correre a portare i lingotti 
sul furgone, se viene 1 prendere comunque tutti i lingotti e sperare in bene… 

Esercizio 2: Sei in grado di modificare il circuito precedente in modo da 
migliorare le tue probabilità di conoscere in che tipo di caveau sei entrato  e far 3

cambiare idea al capo sul suo terribile piano?  

 Come ogni capo ha qualche atteggiamento non troppo razionale…2

 Quello con 8 lingotti falsi o l’altro3

Per semplificare i calcoli puoi provare 
a trattare prima il caso di 4 lingotti, 
due veri e due falsi o tutti falsi.
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Conclusione

|0⟩

|1⟩

Uf

|y ⊕ f(x)⟩

|x⟩H⊗n

H

H⊗n

Possiamo implementare  una sola volta grazie alla sovrapposizione e 
all’interferenza quantistica a differenza del caso classico in cui, nella 
peggiore delle ipotesi, avremo bisogno di applicarla  volte. 

f

2n

2
+ 1



Classifica  

1.Luigi 
2.Stefano 
3.Antonio 
4.Carlo

Gara: 100 m 

Antonio 
Carlo 
Luigi 
Stefano

Ricerca: primo classificato

Codifica: 2 bit 

Antonio  
Carlo      
Luigi      
Stefano 

⟶ (0,0)
⟶ (0,1)
⟶ (1,0)
⟶ (1,1)

f : {0,1}2 ⟶ {0,1}

(0,0) ⟶ 0
(0,1) ⟶ 0
(1,0) ⟶ 1
(1,1) ⟶ 0

Ricerca: applico f

Domanda: quante volte?

Risposta: in media 2n/2

Algoritmo di ricerca
IMPOSTAZIONE CLASSICA



Codifica: 2 qubit 

Antonio  
Carlo      
Luigi       
Stefano  

⟶ |0⟩ |0⟩
⟶ |0⟩ |1⟩
⟶ |1⟩ |0⟩
⟶ |1⟩ |1⟩

Codifica: 2 bit 

Antonio  
Carlo      
Luigi       
Stefano  

⟶ (0,0)
⟶ (0,1)
⟶ (1,0)
⟶ (1,1)

 viene implementata una sola voltaf

Lov Grover, 1996

Algoritmo di Grover



|ψ0⟩ = ( |0⟩ + |1⟩

2 ) ( |0⟩ + |1⟩

2 ) ( |0⟩ − |1⟩

2 ) =

= [ 1
2 ( |0⟩ |0⟩ + |0⟩ |1⟩ + |1⟩ |0⟩ + |1⟩ |1⟩)] ( |0⟩ − |1⟩

2 ) =

=
1

2 2
[ |0⟩ |0⟩ |0⟩ − |0⟩ |0⟩ |1⟩ − |0⟩ |1⟩ |1⟩ + |0⟩ |1⟩ |0⟩ + |1⟩ |0⟩ |0⟩ − |1⟩ |0⟩ |1⟩ + |1⟩ |1⟩ |0⟩ − |1⟩ |1⟩ |1⟩]

|0⟩

|0⟩

|1⟩

Algoritmo di Grover



=
1

2 2
[ |0⟩ |0⟩ |0⟩ − |0⟩ |0⟩ |1⟩ − |0⟩ |1⟩ |1⟩ + |0⟩ |1⟩ |0⟩ + |1⟩ |0⟩ |0⟩ − |1⟩ |0⟩ |1⟩ + |1⟩ |1⟩ |0⟩ − |1⟩ |1⟩ |1⟩]

|x, y⟩ ⟶ |x, y ⊕ f(x)⟩}x

y

= [ 1
2 ( |0⟩ |0⟩ + |0⟩ |1⟩ − |1⟩ |0⟩ + |1⟩ |1⟩)] ( |0⟩ − |1⟩

2 ) := |ψ1⟩

O( |ψ0⟩) = =
1

2 2
[ |0⟩ |0⟩ |0⟩ − |0⟩ |0⟩ |1⟩ − |0⟩ |1⟩ |1⟩ + |0⟩ |1⟩ |0⟩ − |1⟩ |0⟩ |0⟩ + |1⟩ |0⟩ |1⟩ + |1⟩ |1⟩ |0⟩ − |1⟩ |1⟩ |1⟩]

N.B. L’operatore  ha potuto agire  
contemporaneamente su tutti gli stati:  
parallelismo quantistico.  
Agisce quindi una sola volta!

O
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Domanda: abbiamo risolto il problema?

|ψ1⟩ = [ 1
2 ( |0⟩ |0⟩ + |0⟩ |1⟩ − |1⟩ |0⟩ + |1⟩ |1⟩)] ( |0⟩ − |1⟩

2 )

NO!!!

P(0,0) = P(0,1) = P(1,0) = P(1,1)

|x⟩ ⟶ (−1) f(x) |x⟩

L’oracolo ha marchiato con cambiamento 
di fase sul target la soluzione!

Algoritmo di Grover



|ψ1⟩ = [ 1
2 ( |0⟩ |0⟩ + |0⟩ |1⟩ − |1⟩ |0⟩ + |1⟩ |1⟩)] = 1

2
|0⟩( |0⟩ + |1⟩

2 ) − |1⟩( |0⟩ − |1⟩

2 )

1

2
|0⟩( |0⟩ + |1⟩

2 ) − |1⟩( |0⟩ − |1⟩

2 ) 1

2 ( |0⟩ + |1⟩

2 ) |0⟩ − ( |0⟩ − |1⟩

2 ) |1⟩
H ⊗ H

Da questo momento in poi possiamo  
non considerare l’ultimo registro

Algoritmo di Grover



|ψ2⟩ =
1

2 ( |0⟩ + |1⟩

2 ) |0⟩ − ( |0⟩ − |1⟩

2 ) |1⟩ X ⊗ X 1

2 ( |0⟩ + |1⟩

2 ) |1⟩ + ( |0⟩ − |1⟩

2 ) |0⟩

I ⊗ H 1

2 ( |0⟩ + |1⟩

2 ) ( |0⟩ − |1⟩

2 ) + ( |0⟩ − |1⟩

2 ) ( |0⟩ + |1⟩

2 ) =

= . . . =
1

2
[ |0⟩ |0⟩ − |1⟩ |1⟩]

CNOT 1

2
[ |0⟩ |0⟩ − |1⟩ |0⟩]

Algoritmo di Grover

1

2 ( |0⟩ + |1⟩

2 ) |1⟩ + ( |0⟩ − |1⟩

2 ) |0⟩



1

2
[ |0⟩ |0⟩ − |1⟩ |0⟩] I ⊗ H 1

2
|0⟩( |0⟩ + |1⟩

2 ) − |1⟩( |0⟩ + |1⟩

2 )

X ⊗ X

H ⊗ H
− |1⟩ |0⟩

Misura P(1,0) = 1

1

2
|0⟩( |0⟩ + |1⟩

2 ) − |1⟩( |0⟩ + |1⟩

2 ) 1

2
|1⟩( |0⟩ + |1⟩

2 ) − |0⟩( |0⟩ + |1⟩

2 )

1

2
|1⟩( |0⟩ + |1⟩

2 ) − |0⟩( |0⟩ + |1⟩

2 )
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|1⟩

|ψ1⟩ = [ 1
2 ( |0⟩ |0⟩ + |0⟩ |1⟩ − |1⟩ |0⟩ + |1⟩ |1⟩)] Misura P(0,0) = P(1,0) = P(0,1) = P(1,1)

|ψfin⟩ = − |1⟩ |0⟩ Misura P(1,0) = 1

Possiamo rileggere quanto visto 
da un punto di vista geometrico

Abbiamo implementato  UNA SOLA VOLTA!!!f

Algoritmo di Grover



Abbiamo visto lo stato che codifica i quattro elementi

|ψ0⟩ = [ 1
2 ( |0⟩ |0⟩ + |0⟩ |1⟩ + |1⟩ |0⟩ + |1⟩ |1⟩)]

Possiamo riscrivere questo stato in modo che 
sia somma di due vettori unitari di cui uno è 
proprio lo stato che codifica l’elemento cercato

=
3

2 ( |0⟩ |0⟩ + |0⟩ |1⟩ + |1⟩ |1⟩

3 ) +
1
2

( |1⟩ |0⟩)

|u⟩ =
|0⟩ |0⟩ + |0⟩ |1⟩ + |1⟩ |1⟩

3
|x0⟩ = |1⟩ |0⟩

Algoritmo di Grover
Interpretazione geometrica



|ψ0⟩ =
3

2 ( |0⟩ |0⟩ + |0⟩ |1⟩ + |1⟩ |1⟩

3 ) +
1
2

( |1⟩ |0⟩)

|ψ0⟩ =
3

2
|u⟩ +

1
2

|x0⟩

|ψ0⟩ = cos
θ
2

|u⟩ + sin
θ
2

|x0⟩ |ψ0⟩ = (cos
θ
2

, sin
θ
2

) Nel piano generato dai 
vettori ortogonali |u⟩ e |x0⟩

θ
2

= 30∘

Algoritmo di Grover
Interpretazione geometrica



|ψ0⟩ = cos
θ
2

|u⟩ + sin
θ
2

|x0⟩

|ψ0⟩ = (cos
θ
2

, sin
θ
2 )

|ψ0⟩ =
3

2
|u⟩ +

1
2

|x0⟩

|ψ0⟩ = (
3

2
,

1
2 )

0

0

Algoritmo di Grover
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|ψ1⟩ =
3

2 ( |0⟩ |0⟩ + |0⟩ |1⟩ + |1⟩ |1⟩

3 ) −
1
2

( |1⟩ |0⟩)

|ψ1⟩ = (
3

2
, −

1
2 )

Riflessione rispetto |u⟩

0

Algoritmo di Grover
Interpretazione geometrica



|ψfin⟩ = |x0⟩

0

Riflessione rispetto |ψ0⟩
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Operatore di Grover

2 Riflessioni = 1 Rotazione

G
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θ
2

⋅ 2

G |ψ0⟩ = cos ((3)
θ
2 ) |u⟩ + sin ((3)

θ
2 ) |x0⟩

P(x0) = sin290∘ = 1

Algoritmo di Grover
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Operatore di Grover

|ψ0⟩ =
2n − 1

2n
|u⟩ +

1
2n

|x0⟩

k = 2n In media implementiamo    voltef 2n

G

sin2 ((2k + 1)
θ
2 ) = P(x0)

Gk |ψ0⟩ = cos ((2k + 1)
θ
2 ) |u⟩ + sin ((2k + 1)

θ
2 ) |x0⟩

M M

Algoritmo di Grover
Interpretazione geometrica

Se cerchiamo M elementi!!!

Esercizio: Per  Determinare la probabilità di ottenere l’elemento cercato dopo 
aver applicato una volta l’operatore di Grover; fare la stessa cosa dopo aver 
applicato due volte l’operatore di Grover.

n = 3



Un’importantissima applicazione dell'algoritmo di Grover e' nel campo della 
crittoanalisi. Si richiede in alcuni casi particolari (attacco con approccio a forza 
bruta) una ricerca tra tutte le  possibili chiavi.  
Un computer classico, potendo esaminarne ad esempio 1 milione al secondo, 
impiegherebbe migliaia di anni (2000 anni c.a.) a scoprire quella corretta; un 
computer quantistico che utilizzi l'algoritmo di Grover, invece, ci metterebbe circa 4 
minuti. 

256 = 7 × 1016

Algoritmo di Grover

2n = ?



Algoritmo di Grover

Algoritmi di ricerca:  

1. Gli algoritmi di ricerca in generale  

2. La ricerca in un array non ordinato: ricerca sequenziale 
3. La ricerca in un array ordinato: ricerca sequenziale 
4. La ricerca in un array ordinato: ricerca binaria 

 
Approfondimenti (Problema delle 8 regine) 
https://artificial-intelligence.unibs.it/didattica-IA/wp-content/uploads/IntroRicerca20154.pdf  

5. Algoritmo di ricerca quantistico

Possibile percorso didattico

https://artificial-intelligence.unibs.it/didattica-IA/wp-content/uploads/IntroRicerca20154.pdf


Nei prossimi 3 mesi

1. Interviste 

2.  Tempo per rivedere quanto introdotto e svolgere gli esercizi (cartella) 

3.  Organizzare gruppi di lavoro coordinati con due scopi: 

A. Riflettere sugli argomenti trattati ipotizzando anche ulteriori sviluppi 

B. Lavorare sulla produzione di materiali adatti alle lezioni con gli studenti
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